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Applications of Game Theory
to Economics, Social Networks, and Terrorism

Module Summary
This module introduces basic definitions of game theory and pays careful attention to its
applications in three different disciplines. For social network analysis we focus on the
influence users have in social networks. For economics applications we investigate three
classical duopolistic economic models, Bertrand, Cournot and Stackelberg. Modifying
aspects of the competitive models to make them more realistic can extend these models.
For terrorism, we particularly focus on Anthrax attacks. Anthrax may disperse in large
areas quite quickly and is currently listed as a Category A agent by CDC that poses one
of the largest possible threats to public health. Significant planning is required to avoid its
catastrophic effects. The goal of this module is to teach how to use a game theory
approach for finding appropriate strategies in the event of an Anthrax attack.

Note to teachers: Teacher notes appear in red in the module, allowing faculty to
pull these notes off the teacher version to create a student version of the module.

Target Audience:
This module is written for undergraduate and graduate students in mathematics.
Prerequisites:
The prerequisite is Calculus and an introductory Statistics course.
Topics:
The topics in this module include an introduction to game theory and applications to
various fields including ecnomics, social networks, and terrorism.
Goals:
Our goals are to introduce the concept of game theory and how it influences the outcomes
and payoffs of the players involved in the game.
Anticipated Number of Class Meetings:
ii

This module will require seven class periods. The first two class periods will be spent in
introducing the concept of game theory. The next two class periods will be devoted to the
applications in economics and a discussion of the problems. One class period will be used
for the applications to social networks. Two class periods will be needed for a brief
introduction to Anthrax attacks and how to find the appropriate strategies in the event of
such an attack.
Learning Outcomes:
The students will gain an understanding of applications of game theory in a variety of
fields. As a baseline, students will learn how to analyze two-player games through the
concepts of Nash and subgame-perfect equilibrium. With this experience in hand,
students will apply critical thinking skills to situations involving competition, technology
and scarcity. Through this module, students will better understand the connections
between biology, mathematics, economics and computer science. By solving exercises in
the module, students will enhance their writing and problem solving skills.
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Chapter 1
Introduction to Game Theory
1.1

Introduction

Game theory is a topic in mathematics that has applications to a wide variety of
disciplines. Once mathematicians understand the fundamental abstract structures of a
certain theory, then it becomes accessible for applications. John von Neumann laid the
foundations of game theory. In 1928 he proved the basic minimax theorem, and with the
publication in 1944 of the Theory of Games and Economic Behavior the field was
established.
Game theory starts with the fundamental idea of strategies. What is a game? A game
consists of a system with at least two players that can perform actions to satisfy their own
interests. A situation exists which consists of a set of things that the players have, and the
goals they want to achieve. They have a set of rules, which describes what actions they
can take in the situation, and when they can take them. Game theory helps to understand
how the entities will interact from many different points of view and with many different
objectives. For example, one can look at it from a very “pure” perspective, and try to
find optimal strategies for a particular kind of game. For example, in the game of Nim,
there is a guaranteed winning strategy for one of the players. Do you talk about this – if
not then do not say it here.
One can also use game theory to solve problems that seem very non-game like. Basically,
any situation in which there are multiple interacting players with distinct, possibly
conflicting, goals, can be analyzed using game theory.
A classic example of this is the prisoner’s dilemma. In the prisoner’s dilemma, there are
two criminals (players in the game) arrested for a murder. The two criminals (now
prisoners), placed in separate cells, are the players. The police know that they did it; but
they don’t have enough evidence to convict them of murder. Each player may either
confess or remain silent, and each one knows the consequences of his action:
1. If neither prisoner confesses, they’ll both get off with a very light sentence of 6
1
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months in jail.
2. If one prisoner confesses and the other doesn’t, then the one who confessed turns
state’s evidence and goes free, and the other one gets a life sentence.
3. If both prisoners confess, they both go to jail for 10 years.
Clearly, if they both keep their mouths shut then both will get off easy. But looking at it
in terms of cost/benefit for one of them, the choice is very different: for a prisoner acting
only in his own self-interest, the choice is to confess. Game theory looks at it from that
latter point of view: each player is concerned only with maximizing the
benefit/minimizing the penalty for themselves.
Game theory classifies games based on how many players are in the game, whether they
can cooperate or communicate, and whether they move simultaneously or take turns, and
so forth. It also classifies the games based on the possible outcomes of the game. It
describes strategies, equilibriums, and tipping points for these classes of games.
It turns out to be an incredibly useful framework. Game theory is used in
computer science for things like protocol design; it’s used in economics for models
of markets; it’s used in legal studies; it’s used in sociology. In the business world, game
theory is used to derive optimal pricing and competitive bidding strategies and to
determine investment strategies. It has also been used for picking jurors, measuring a
senator’s power, committing tanks to the battlefields, and allocating business expenses
equitably. One of the more exciting applications of game theory is to biology, in
studying evolutionary processes, for example, how long a fly should wait at one cowpat
for a mate before moving on to the next and how aggressive members of a species
should be to maximize chances for survival.
The basic idea of multiple parties acting in their own interest is a fundamental
component for understanding almost anything involving multiple people determining
optimal strategies.
1.2

Players, strategies and payoffs in game theory

In a game there are players (at least two), and each will pick a strategy (make a decision),
and as a result there will be a reward or punishment for each player, the payoff. The
words, strategy, player and payoff have the same meaning as they do in everyday
language. A player, a participant in the game, need not be a single person, it may be a
corporation, a country, a football team, or any entity interested in choosing an appropriate
2
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strategy. There are games, in which the players have conflicting interests, the same
interests, or mixed interests.
A strategy in game theory is a complete plan of action that describes what a player will
do under all possible circumstances. There are poor strategies and there are good
strategies, and some in between. There are pure strategies and mixed strategies.
A strategy in chess might be “on my first move I will move my piece to position A, if my
opponent moves his piece to position A’, then I will move my piece to position B, then if
my opponent moves his piece to position B’, then I will move…” It may be impossible to
describe a complete strategy in a real game. But, this should not stop one from thinking
about different strategies that are possible in a real game. In the end, there is a winner or a
loser or the game ends in a draw.
Two strategies are said to be in equilibrium (a strategy for each player) if neither player
gains by changing strategy unilaterally. The outcome corresponding to this pair of
strategies is defined as the equilibrium point. In games with equilibrium points, payoffs
that are not associated with either equilibrium strategy have no bearing on the outcome.
The term zero sum means the players have diametrically opposed interests. The term
comes from the parlor games like poker where there is a fixed amount of money around
the table, if one wins some money then the other players lose an equivalent amount. So,
a zero sum game is a game in which the total of all the gains and losses is zero. When an
equilibrium point exists in a two-person, zero-sum game, it is called the solution.
Exercise 1. Suppose in an election two political parties A and B are working on their
platforms. Also, suppose there is a dispute between two groups X and Y concerning an
issue. The leaders of two parties come up with the following matrix. The entries in the
matrix are the % of vote’s party A will receive if each party follows the indicated
strategy.
Table 1.2.1:
B’s platform

A's Platform

Favor X

Favor Y

Ignore
Issue

Favor X

45

50

40

Favor Y

60

55

50

Ignore
Issue

45

55

40
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Table 1.2.2:

B's platform

A's
Platform

Favor X

Favor Y

Ignore
Issue

Favor X

45

10

40

Favor Y

60

55

50

Ignore
Issue

45

10

40

Table 1.2.3:
B's platform
Favor X

Favor Y

Ignore
Issue

Favor X

35

10

60

Favor Y

45

55

50

Ignore
Issue

40

10

65

A's Platform

Find the strategies for the parties A and B in each case shown in Tables 1.2.1-1.2.3.
Discuss equilibrium strategies and equilibrium points in each.
Solution: For table 1.2.1, whatever A does, B does the best to ignore the issue; whatever
B does, A does best to support Y. For table 1.2.2, A’s decision is clear-cut and easy for B
to read: favor Y. So B would do best to ignore the issue. For table 1.2.3, A should favor
Y and B should favor X.
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1.3

Pure and Mixed Strategies

A strategy in a two-person zero sum game is defined to be a triplet (X, Y, A), where X
and Y are non-empty sets of strategies for player I and II respectively, and A is a real
valued function defined on X ´ Y. This means, if player I chooses x ÎX and player II
chooses y Î Y, each unaware of the choice of other, and when their choices are made
known, player I wins the amount A (x, y) from player II. If player I choose x, one of the
elements from the set X, we say player I used pure strategy. If player I uses a chance
device such as rolling a die, tossing a coin, drawing a number from a hat or roulette
wheel to make the decision to choose x, we say player I used mixed strategy. In other
words, a strategy that prescribes the selection of a pure strategy, an element of X or Y, by
means of a random device is called a mixed strategy. So, from this point of view, there
are infinitely many mixed strategies.
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Exercise 2: Suppose players I and II are playing a marble game according to the table
1.3.1 below. The players choose even or odd marbles and the numbers in the matrix
indicate the number of marbles that player I will be paid by player II or the player I pays
to player II, if the number is negative. Describe the pure strategies for the players.
Describe one possible mixed strategy for player I.
Solution: For table 1.3.1 Pure Strategy for players I and II are described by the sets X
and Y respectively. The set X = {even, odd} and Y = {even, odd} and A(even, even) = –
1, A(even, odd) = 1, A(odd, even) = 1 and A(odd, odd) = –1. A mixed strategy for player
I is to pick an odd number with probability p and an even number with probability 1– p.

Table 1.3.1: Strategy
Player II

Player I

1.4

Even

odd

even

–1

1

odd

1

–1

Different kinds of Equilibrium
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Games studied in game theory can be categorized in several ways, for example whether
players have knowledge of each others strategy options or not, or whether games are
repeated or not. . The following are popular types of equilibria:
1. Correlated Equilibrium is a solution concept in game theory that is more general
than the well-known Nash equilibrium.
2. Nash Equilibrium is a solution concept in game theory involving two or more
players, in which each player is assumed to know the possible strategies of the
other players, and no player has anything to gain by changing his own strategy
unilaterally.
3. Symmetric Equilibrium is equilibrium, where all players use the same strategy.
Examples:
Mathematician Robert Aumann first discussed correlated Equilibrium in 1974. The idea
is that each player chooses his/her action according to his/her observation of the value of
the game. A strategy assigns an action to every possible observation a player can make. If
no player would want to deviate from the chosen strategy (assuming the others don't
deviate), the distribution is called a correlated equilibrium. The game of chicken is a
good example of this type of equilibrium.
Table 1.4.1
In this game two individuals are
Game of Chicken
challenging each other to a contest where
each can either dare or chicken out.
Dare Chicken out In this game there are three Nash
equilibriums. The two pure strategy Nash
Dare
(0, 0)
(7, 2)
equilibriums are (D, C) and (C, D) where C
Chicken out
(2, 7)
(6, 6)
means Chicken out and D means Dare.
There is also mixed strategy equilibrium where each player Dares with probability 1/3.
Now suppose a third party draws one of three cards labeled: (C, C), (D, C), and (C, D),
with the same probability of 1/3 for each card and informs the players of the strategy
assigned to them on the card (but not the strategy assigned to their opponent). Suppose a
player is assigned D, he would not want to deviate supposing the other player played their
assigned strategy since he will get 7 (the highest payoff possible). Suppose a player is
assigned C. Then the other player has been assigned C with probability ½ and D with
probability ½. The value of Daring is 0(1/2) + 7(1/2) = 3.5 and the expected value of
chickening out is 2(1/2) + 6(1/2) = 4. So, the player would prefer to chicken out. Since
neither player has an incentive to deviate from the drawn assignments, this probability
distribution over the strategies is known as a correlated equilibrium. Note, that the
expected payoff for this equilibrium is 7(1/3) + 2(1/3) + 6(1/3) = 5.
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The Nash equilibrium was named after John Forbes Nash and is shown in this payoff
matrix below. Nash
Table 1.4.2
equilibrium cells are (B, A),
(A, B), and (C, C). For cell
Payoff Matrix
(B, A) 40 is the maximum of
the first column and 25 is the
Option A
Option B
Option C
maximum of the second row.
Option A
(0, 0)
(25, 40)
(5, 10)
For (A, B) 25 is the maximum
Option B
(40, 25)
(0, 0)
(5, 15)
of the second column and 40
Option C
(10, 5)
(15, 5)
(10, 10)
is the maximum of the first
row. For cell (C, C) 10 is the
maximum of the third column and 10 is the maximum of the third row. For other cells,
either one or both of the duplet members are not the maximum of the corresponding rows
and columns. Finding equilibrium cells is obvious. We find the maximum of a column
and check if the second member of the pair is the maximum of the row. If these
conditions are met, the cell represents Nash equilibrium. We check all columns this way
to find all Nash equilibrium cells [4], [5].
Quasi-Perfect Equilibrium [1], Sequential Equilibrium, Trembling hand perfect
Equilibrium [6] and Proper Equilibrium [3] are refinements of Nash Equilibrium for
extensive form games due to Eric van Damme (1984), David M. Kreps and Robert
Wilson (1982), Reinhard Selten (1975), and Roger B. Myerson (1978) respectively.
Trembling hand perfect Equilibrium assumes that the players, through a "slip of the
hand" or tremble, may choose unintended strategies and Proper Equilibrium assumes
costly trembles are made with smaller probabilities than less costly ones. The voting
game suggested by Jean-Francois Mertens in 1995 is an example of Quasi-perfect
equilibrium. It is described as follows: Two players must elect one of them to perform an
effortless task. The task may be performed either correctly or incorrectly. If it is
performed correctly, both players receive a payoff of 1; otherwise both players receive a
payoff of 0. The election is by a secret vote. If both players vote for the same player, that
player gets to perform the task. If each player votes for himself, the player to perform the
task is chosen at random but is not told that he was elected this way. Finally, if each
player votes for the other, somebody else performs the task, with no possibility of it being
performed incorrectly. In the unique quasi-perfect equilibrium for the game, each player
votes for himself.
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Applications of Game Theory to Social Networks
2.1
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Introduction

Social networks provide great-labeled models for interactions between individuals.
Particularly, Online Social Networks (like Facebook, Twitter, LinkedIn, Google+, Orkut,
Flickr and LiveJournal), have received a great deal of attention in the recent years [1].
For scientific and commercial motivations, the identification of the influential (main)
actors inside a social network (or even in a community within the network, if preferable)
is very important, and this is what this section will present in a very simplified form. By
an influential actor we mean a person that has the power to change the behavior of
another actor in the network, or a person that can convert new people to join the network.
This identification requires a combination of measures to help rank the nodes in the
network.
In game theory there are measures that differentiate players in a network according to
their relative importance to a coalition. We present an overview of measures of power in
networks (which could be used for social networks). This section examines the concept of
power in a social setting in which decisions are made by a voting scheme, the various
voters have different voting strengths, denoted weight wi for each player pi. A voter's
weight is the number of votes that he or she is permitted to cast. The number of votes
necessary to pass a measure is called the quota for the voting system. A dictator is a
voter whose weight is greater than or equal to the quota. A voter without power is called
a dummy.
Definition: A voting system is called a weighted voting system if it can be described by
stating the quota (q) needed to pass, followed by a list of non-increasing list of number
denoting the votes each voter has (called weight). The notation [q: w1, w2, …, wn] is
used.
Example: Various weighted voting systems are given below:
a) In the weighted voting system [20: 5, 4, 4, 2], nothing will pass since the quota is
too high, the sum of the weights of all players is only 15..
b) In the weighted voting system [24: 7, 7, 4, 3, 2, 1], all voters must agree in order
for of the voters to pass anything. This case is equivalent to [6: 1, 1, 1, 1, 1, 1].
c) This voting system [10: 13, 9, 5, 4] shows an example of a dictator, as player 1
can vote one way and then the measure passes automatically independently of
what players 2,3 and 4 do.
8
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d) In this weighted voting system [12: 11, 5, 4, 2], the voter with a weight of 11 has
veto power, even though the voter is not a dictator, as players 2,3, and 4’s votes
together add up to only 11 and not 12.
The weight of a player is not necessarily a good measure of a player’s power in certain
situations. For instance, it is possible for a weighted voting system to actually reduce to
a situation where all players have the same power even if they have different weights.
This can be seen in Example 1(b) above. In this case the measure will pass if and only if
all voters vote yes. So, let us investigate other measures. Here are ways to measure the
power of a player.
2.2

Banzhaf index

The Banzhaf power index, BPI, was introduced in [2], and it calculates the power of a
voter by listing all the winning coalitions, followed by a count of the critical voters. A
critical voter is a voter who, if he changed his vote from yes to no, would cause the
measure to fail. In Example 1(b), all voters were critical voters.
Definition: Suppose that Pi is a voter in a yes-no voting system. Then the total Banzhaf
power of voter, Pi, denoted by TBP(Pi), is the number of coalitions C satisfying the
following three conditions:
 Pi ∈ C
 C is a winning coalition
 C – {Pi} is not a winning coalition.
The total Banzhaf power for voter Pi can be computed by subtracting the number of )
winning coalition of which Pi is not a member from the number of winning coalition of
which Pi is a member.
Definition: Suppose that Pi is a voter in a yes-no voting system and that the other voters
are denoted by P1, P2, ..., Pi–1, Pi+1, …Pn. Then the Banzhaf power index of Pi is given by

BPI(Pi ) =

TBP(Pi )
TBP(P1 ) + TBP(P2 ) +... + TBP(Pn )

Exercise 1: Compute the TBP and BPI for the weighted voting system [6: 4, 3, 2].
Solution:
First step is to determine all winning coalitions. (If we can list just the winning
coalitions, then there is no need to list all of the 2n–1 coalition.)
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Table 2.2.1: Coalitions
Winning Coalitions

{P1, P2}
{P1, P3}

{P1, P2, P3}

Explanation
Since no player can win by himself, there is no single player
winning coalitions.
Players P1 & P2 together have enough votes to win. Also,
players P1 & P3 together have enough votes to win, however,
players P2 & P3 do not have enough. So, there are 2 winning
coalitions having two players.

The unique coalition containing all 3 players wins.

Second step is to determine the TBI for each player. TBI(P1)= 3-0 = 3, TBI(P2)= 2-1 =
1, and TBI(P3)= 2-1 = 1. And so far we have the total Banzhaf index, and let’s compute
Banzhaf index.
Step three is to determine the critical players in each winning coalition. (We recall, P1
has 4 votes, P2 has 3 votes, and P3 has 2 votes. To determine whether or not a player is a
critical player in a winning coalition, we count the number of votes the coalition has
without that particular player. If the coalition no longer has enough votes to win, then
that player is critical.) In {P1, P2}, both are critical since the coalition loses if either
player leaves. In {P1, P3}, both are critical since the coalition loses if either player
leaves. In {P1, P2, P3}, only P1 is critical since the coalition still wins if P 2 leaves or if P3
leaves but not if P1 leaves.
Step four is to find the number of times all players are critical. In this case that number
is 5 (see third step above).
Step five is to find the number of times Player P i is critical. In this example P1 is critical
3 times, P2 is critical 1 time, P3 is critical 1 time.
Step six is to compute BPI (Pi). BPI(Pi) is the smaller number (from step five) divided
by the larger number (from step four). BPI(P1) = 3/5 BPI(P2) = 1/5 BPI(P3) = 1/5.
Remarks:
 The Banzhaf index of a voter is between 0 and 1. If we add up the Banzhaf
indices of all n voters, we get the number 1 since they are percentages that add
up to 100%.
 To determine the Banzhaf power index, we will have to count all the possible
coalitions and then only keep the winning ones. Note that for a given set of n
voters, there are a total of 2n-1 nonempty possible subsets (coalitions). These
grow exponentially which makes it time consuming to find.
10

Exercise 2: Consider a committee consists of four voters, P1, P2, P3, and P4. Each
committee member has one vote, and a motion is carried by majority vote except in the
case of a 2-2 tie. In this case, if P1 voted for the motion, then it carries. (P1 plays the tiebreaker here.) Determine the Banzhaf power index of each of these four players.
Solution:
Step 1 is to determine all the winning coalitions and they are {P1, P2, P3, P4}, {P1, P2,
P3}, {P1, P2, P4}, {P1, P3, P4}, {P2, P3, P4}, {P1, P2}, {P1, P3}, and {P1, P4}.
Step 2 is to determine the number of times each voter is critical. We noticed P1 is critical
6 times, P2 is critical 2 times, P3 is critical 2 times and P4 is critical 2 times.
Step 3 is to compute the Banzhaf power index of each voter.
BPI(P1) = 6/12 or 50%, BPI(P2) = 2/12 or 16.67%, BPI(P3) = 2/12 or 16.67%, and
BPI(P4) = 2/12 or 16.67%
2.3

The Shapley-Shubik index

Shapley-Shubik index is another way of measuring the power or the influence in a
network. We will introduce one more concept before presenting the formal definition of
the Shapley-Shubik index. Let [q: P1, P2, P3, P4, P5, P6, P7] be a voting system. We
want to identify one of the players as being pivotal for this ordering. To explain this, we
picture a coalition (which can be empty to begin with) being formed by adding the
players one by one. That is, we first have P3 alone, then P5 joins to give us the twomember coalition (the permutation of the 7 voters) P3, P5 -- this is the beginning of the 7
voters coalition. Then P1 joins, yielding the three-member coalition: P3, P5, P1. And so
on till you get all 7 voters in the coalition. The growing coalition changes from a nonwinning one to a winning one at some point. A player, whose weight switches the
coalition from a non-winning coalition to a winning one, is called pivotal. To prove that
a pivotal voter always exists, note that the empty coalition is a losing one and the grand
coalition is winning. Here is the definition [3]:
Definition: Suppose Pi is a voter in a yes-no voting system. Then the Shapley-Shubik
index of Pi, denoted here by SSI(Pi), is the number given by:

SSI(Pi ) =

the number of orderings for which Pi is pivotal
the total number of all possible orderings

Remarks:
 The denominator in SSI(Pi) is n! (n factorial) if there are n voters.
 For every voter Pi the SSI(Pi) is between 0 and 1.
11



For the voters are P1, . . . , Pn, we have SSI(P1) + . . . + SSI(Pn) = 1.

Exercise 3: Consider the example voting system: [10: 9, 3, 2]. What are the sequential
coalitions? Find the Shapley-Shubik power index of each player.
Solution: Step one is to find all the sequential coalitions and identify the pivotal voter
in each. In this case there are 3! = 6 ordered/sequential coalitions of three voters.
i.
{P1, P2, P3}, P2 is pivotal
ii.
{P1, P3, P2}, P3 is pivotal
iii.
{P2, P1, P3}, P1 is pivotal
iv.
{P2, P3, P1}, P1 is pivotal
v.
{P3, P1, P2}, P1 is pivotal
vi.
{P3, P2, P1}. P1 is pivotal
Next step is to find the Shapley-Shubik power index of each player by dividing the
number of times that player was pivotal by the total number of sequential coalitions.
Therefore, P1 is given a Shapley-Shubik power index of 4/6 or 66.66%; and P2 and P3
each have a Shapley-Shubik power index of 1/6 or 16.66% each.

Exercise 4:
a. In the weighted voting system [13: 12, 7, 2], is there a veto player? Give an
example of a winning coalition.
b. In the weighted voting system [25: 22, 12, 6, 3], are all coalitions of 3 players
winning ones?
c. For the voting system [5: 4, 3, 2, 1] find the Banzhalf Index for each voter.
d. Consider the voting system [10: 9, 3, 2]. What are all of the possible coalitions?
That is, what are the possible subsets of a set with 3 players?
e. Consider the voting system [4: 3, 2, 2]. Which player has the most power using
different measures?
Solutions:
a. No veto power. The winning coalition is {P1, P2}.
b. Not all 3-player coalitions are winning, here is one {P2, P3, P4}.
c. The quota is 5 and the list of all the winning coalitions is given below with the
critical voter(s) marked in red. There is no one person winning coalition. 2person winning coalitions are {P1, P2}, {P1, P3} and {P1, P4}. 3-person winning
coalitions are {P1, P2, P3}, {P1, P2, P4}, {P1, P3, P4}, and {P2, P3, P4}. 4-person
winning coalition is {P1, P2, P3, P4}. The BPI for each voter is calculated as
12

follows: BPI(P1) = 6/12, BPI(P2) = 2/12, BPI(P3) = 2/12, and BPI(P4) = 2/12.
These fractions are sometimes written as percentages.
d. All the coalitions are: {P1, P2, P3}, {P1, P2}, {P1, P3}, {P2, P3}, {P1}, {P2}, {P3}.
Out of these, the following are winning coalitions: {P1, P2, P3}, {P1, P2}, {P1,
P3}. In all of these winning coalitions, P1 is critical 3 times, P2 is critical 1 time
and P3 is critical 1 time. And since P1 is critical in 3 out of 5 times, BPI(P 1) is 3/5
or 60%; P2 and P3 are each critical 1 time out of 5, hence both BPI(P2) and
BPI(P3) are 1/5 or 20%.
e. Here are the different measures to consider.
i. P1 has the most power if we just consider the weights of each player.
ii. For Banzhaf power index, we collect all the winning coalitions with the critical
voter(s) in marked in red. There is no one person winning coalition. 2-person
coalitions are {P1, P2}, {P1, P3}, and {P2, P3}. 3-person coalition is {P1, P2,
P3}. Then the BPI for each voter is calculated as follows: BPI(P1) = 2/6 = 1/3,
BPI(P2) = 2/6 = 1/3, and BPI(P3) = 2/6 = 1/3.
iii. For Shapley-Shubik index, we find all sequential coalitions containing all
players and identify the pivotal player in each (marked in red). They are {P1,
P2, P3}, {P1, P3, P2}, {P2, P1, P3}, {P2, P3, P1}, {P3, P2, P2}, {P3, P2, P1}. Then
the SSI for each player is calculated as follows: SSI(P1 ) = 1/6, SSPI(P2 ) = 3/6
= ½, and SSPI(P3) = 2/6 = 1/3.
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Chapter 3
Applications of Game Theory to Economics
3.1

Introduction

In this chapter we will investigate how to use game theory to help us understand how
firms act with each other. To begin, we will look at three classical models of economic
competition: Cournot, Bertrand, and Stackelberg. Our goal in analyzing each of these
three games is the same, namely to find an equilibrium strategy.
Before analyzing these models, we first give a description (following the general
presentation of [1]) of the two firms participating in these three models. Each firm
produces an identical good which can be produced in any positive real quantity. Let 𝑞1 be
the amount produced by firm 1 and let 𝑞2 be the amount produced by firm 2. In this
market, the more good that is produced by the firms combined, the lower the price. In
particular, we model the price of the good as 𝑃(𝑄) = 𝑎 − 𝑄 where 𝑄 = 𝑞1 + 𝑞2 . Here
𝑎 is a fixed constant known to both firms. Note also that 𝑄 ≤ 𝑎 else neither company
will make any profit. Assume there are no fixed costs, defined as costs incurred by a firm
regardless of the quantity produced. However, there is a cost per unit to produce the
good of c. This is called a marginal cost.
3.2

The Cournot Model

In the Cournot model, we assume both firms must choose the quantity they will produce
simultaneously. Our goal is to find a Nash equilibrium for the actions of both firms. For
each firm to act rationally, they must try to maximize profits. The profit for firm i is
defined by
𝜋𝑖 (𝑞𝑖 , 𝑞𝑗 ) = 𝑞𝑖 [𝑃(𝑞𝑖 + 𝑞𝑗 ) − 𝑐] = 𝑞𝑖 [𝑎 − 𝑞𝑖 − 𝑞𝑗 − 𝑐]
In order to find a Nash equilibrium, we must find output levels q1* and q2* so that neither
firm wishes to change their output even after knowing the output of the other firm. Note
that one trivial bound for each of the quantities is a, as if a firm produces a units, their
profit will be non-positive. As a result, if (q1*, q2*) is a Nash equilibrium, then for each
firm i:
max 𝜋𝑖 (𝑞𝑖 , 𝑞𝑗 ∗ ) = max 𝑞𝑖 [𝑎 − (𝑞𝑖 − 𝑞𝑗∗ ) − 𝑐]

0≤𝑞𝑖 ≤𝑎

0≤𝑞𝑖 ≤𝑎
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In order to find the maximum described above, we can differentiate 𝜋1 (𝑞1 , 𝑞2 ∗ ) with
respect to 𝑞1 and find a maximum. Taking this derivative yields a - 2𝑞1 - 𝑞2 ∗ - c. When
∗
we set this equal to zero, we see that 𝑞1 ∗ = 𝑎 − 𝑞22 − 𝑐 . To see this is a maximum, notice
that in the profit function, the term of largest degree is a quadratic and is negative.
(Alternatively one could use the second derivative test.) By symmetry, we have 𝑞2 ∗ =
𝑎 − 𝑞1 ∗ − 𝑐
. This gives two equations and two unknowns, so we can solve the system of
2
equations
𝑞1 ∗ =

Solving gives that 𝑞1 ∗ = 𝑞2 ∗ = 𝑎

𝑎 − 𝑞2 ∗ − 𝑐

−𝑐
3

2

, 𝑞2 ∗ =

𝑎 − 𝑞1 ∗ − 𝑐
2

. To find the profit of each firm we multiply the
2

quantity produced by the firm by the profit earned per unit. In this case, we have (𝑎−𝑐)
.
9
Exercise 1:
a. Suppose that firms A and B make identical types of cement mix. The price of the
cement mix is given by (1000 − 𝑞1 + 𝑞2 ), where quantities 𝑞1 , 𝑞2 are defined as
the amount of cement produced by Company i in hundreds of pounds. It costs
one dollar to make a pound of cement. Suppose that firms A and B are Cournot
duopolists. How much should each firm produce? What is their profit?
b. Suppose that instead of a linear marginal cost function that marginal cost
increases as the amount produced increases. That is, suppose that the cost of
production is given by 𝑐(𝑞𝑖 ) where 𝑞𝑖 is the quantity produced by firm i. Find a
Nash equilibrium for the firms' production for this situation when there are two
firms.
c. In our exposition, we considered the case when there were only two firms. What
is a Nash equilibrium if there are three firms? What about n firms? How does the
number of firms affect the price of the good? Is having multiple firms good for
consumers in a Cournot model?
d. What if the companies could collude with each other? In particular, if the goal of
the firms is to maximize total profit, what (if any) changes would the firms make?
e. Consider the situation when one firm's marginal cost is different than another
firm. Model a real-life situation where this might happen and explain the
consequences. A useful reference may be [2].
Solution:
a. Here 𝑞1 ∗ = 𝑞2 ∗ = 𝑎 3− 𝑐 = 1000−100
= 300 hundreds of pounds. Thus, each firm makes
3
a profit of $90,000.
b. The profit function for firms 1 and 2 are given by 𝑞1 [𝑎 − 𝑞1 − 𝑞2 ∗ − 𝑐(𝑞1 )] and
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𝑞2 [𝑎 − 𝑞1 ∗ − 𝑞2 − 𝑐(𝑞2 )]. Differentiating we obtain the following system of
equations:
𝑞1 ∗ =

𝑎 − 𝑞2 ∗
2+2𝑐

, 𝑞2 ∗ =

𝑎 − 𝑞1 ∗
2+2𝑐

1+2𝑐
With some algebra, solving this system of equations gives 𝑞1 ∗ = 𝑞2 ∗ = 𝑎(2+2𝑐)
2.

c. As before we need to maximize the profit function for each firm. By symmetry,
we need only compute this maximum for firm 1. This gives
max 𝜋1 (𝑞1 , 𝑞2 ∗ , 𝑞3 ∗ , … , 𝑞𝑛 ∗ ) = max 𝑞𝑖 [𝑎 − (𝑞1 + 𝑞2∗ + ⋯ + 𝑞𝑛 ∗ ) − 𝑐]
0≤𝑞1 ≤𝑎

0≤𝑞𝑖 ≤𝑎

Setting this derivative equal to zero gives
𝑛

𝑎 − 2𝑞1 − ∑ 𝑞𝑖 ∗ − 𝑐 = 0
𝑖=2

Solving for 𝑞1 gives 𝑞1 =

1−(𝑛−1)𝑞∗2 − 𝑐
2

. We have an analogous expression for the
∗

1 − 𝑐 for each
quantity produced for each of the other n terms. Thus, 𝑞𝑖 = 𝑎−(𝑛−1)𝑞
2
𝑐
i. Solving this system of equations gives 𝑞1 ∗ = 𝑞2 ∗ = ⋯ = 𝑞𝑛 ∗ = 𝑎−
. To find
𝑛+1
the profit of each firm we multiply the quantity produced by the firm by the profit

2

𝑐
) .
earned per unit. In this case, the profit of each firm is given by (𝑎−
𝑛+1

As the number of firms increase, the price of the good approaches each firm's
marginal cost. To answer the final question, yes, having multiple firms is good
for consumers, as prices should form equilibrium at the marginal cost of
production.
2

𝑐)
) . Note that this number
d. If there are n firms the total profit of the firms is (𝑛 (𝑎−
𝑛+1
is maximized when 𝑛 = 1, the case when there is a monopoly. The n firms
should decide to each produce 1/𝑛, the amount that should be produced by a
monopoly, namely 𝑎−𝑐
.
2𝑛
e. Answers may vary. One explanation may be that a firm has an advantage in
production capabilities or supply chain logistics. One firm may be very large and
the other might be smaller.

3.3

The Bertrand Model

We saw in the Cournot model that firms competed by changing the amount of goods
being offered. In the Bertrand model, the firms compete on price. In the simplest version
of this problem, the firms sell an identical good and must compete on price. In addition,
suppose that the marginal cost for each firm to produce one unit of product is c and the
prices are chosen simultaneously (and only once).
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Notice that each firm will price the good at least at its marginal cost as it will never
produce the good to lose money. Suppose that, without loss of generality, Firm 1 prices
the good at 𝑐 + 𝑘, where 𝑘 is a positive real number. Then, this is not a Nash equilibrium
because Firm 2 would price the good at 𝑐 + 𝑘 − 𝜀. But then Firm 1 would want to
change their price to 𝑐 + 𝑘 − 2𝜀. Consumers have no affiliation to either firm and will
strictly choose the firm whose goods are the lowest prices. This lowering of price would
continue until each firm price their goods at the marginal cost of 𝑐 per unit of product.
Although this may seem like the end of the story, in reality the assumptions of the
Bertrand model are unlikely. One wrinkle is that the two items created may have
different attributes. Let 𝑞(𝑝𝑖 , 𝑝𝑗 ) = 𝑎 − 𝑝𝑖 + 𝑏𝑝𝑗 be the quantity demanded by
consumers given prices 𝑝𝑖 , 𝑝𝑗 from firms 𝑖 and 𝑗 respectively. Notice that as the selling
price changes for each firm, the quantity demanded by consumers is affected differently.
As before, the marginal cost for each unit of product for each firm is 𝑐 units.
We want to find a Nash equilibrium (𝑝1 , 𝑝2 ) for this situation. This means that for
(𝑝1∗ , 𝑝2∗ ) to be a Nash equilibrium, for each firm 𝑖
max 𝜋𝑖 (𝑝𝑖 , 𝑝𝑗 ∗ ) = max [𝑎 − 𝑝𝑖 + 𝑏𝑝𝑗 ∗ ][𝑝𝑖 − 𝑐]

0≤𝑝𝑖 <∞

0≤𝑝𝑖 <∞

Remarks:
 The motivation behind this idea is to present aspects of a more active in-class
learning model.
 The instructor as part of class could prove the following problem, but it may be
more useful for student learning if they spend 5-10 minutes in class working
singly or in groups to solve the question.
Exercise 2: Prove that the Nash equilibrium is 𝑝1 ∗ = 𝑝2 ∗ =

𝑎+𝑐
2−𝑏

.

Solution:
Differentiate [𝑎 − 𝑝𝑖 + 𝑏𝑝𝑗 ∗ ][𝑝𝑖 − 𝑐] with respect to 𝑝𝑖 . This gives 𝑎 − 2𝑝𝑖 + 𝑏𝑝𝑗 ∗ +
𝑎+𝑏𝑝 ∗ + 𝑐

𝑗
𝑐. Setting this equal to zero and solving for 𝑝𝑖 gives that 𝑝𝑖 ∗ =
. To determine
2
specific answers for the case when there are two firms, we must solve the system of
∗
∗
𝑎+𝑐
equalities given by 𝑝1 ∗ = 𝑎+𝑏𝑝22 + 𝑐 and 𝑝2 ∗ = 𝑎+𝑏𝑝21 + 𝑐. This gives 𝑝1 ∗ = 𝑝2 ∗ = 2−𝑏
, as
desired.

Exercise 3. Suppose that Apple and Windows are competing on price for customers of
tablets (which are assumed to have equal quality and prestige). The marginal cost to
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produce each tablet is $250. Further, customers will purchase (in hundreds of thousands
of tablets) using the quantity function 𝑞(𝑝1 , 𝑝2 ) = 2000 − 𝑝1 + 1.5 𝑝2 , where firms 1
and 2 are Apple and Windows, respectively. What is a Nash equilibrium for the price of
the tablets?
Solution:
Again we wish to maximize profit for each company. Taking a derivative and solving
yields the following two equations, which must be solved:
1750 − 2𝑝1 − 1.5 𝑝2 = 0 and 1750 − 𝑝1 + 3𝑝2 = 0
This yields 𝑝1 = $583.33 and 𝑝2 = $388.89. Thus, Apple should charge $583.33 and
Windows should charge $388.89 for their tablets.
Exercise 4. Consider a situation where one product is clearly superior to the other and
has a larger production cost. In particular, suppose that the marginal cost to create item 1
is 𝑐, but the marginal cost to create item 2 is 𝑐/2. Further, suppose that 𝑞(𝑝𝑖 , 𝑝𝑗 ) = 𝑎 −
𝑝𝑖 + 𝑏𝑝𝑗 is the quantity demanded by consumers given prices 𝑝𝑖 , 𝑝𝑗 from firms 𝑖 and 𝑗
respectively. Give a detailed argument on how to obtain a Nash equilibrium for the
prices of these products.
Solution:
First, we must differentiate [𝑎 − 𝑝1 + 𝑏𝑝2 ∗ ][𝑝1 − 𝑐] with respect to 𝑝1. This gives 𝑎 −
2𝑝1 + 𝑏𝑝2 ∗ + 𝑐. Similarly, differentiate [𝑎 − 𝑝2 + 𝑏𝑝1 ∗ ][𝑝1 − 𝑐/2] with respect to 𝑝2 .
This gives 𝑎 − 2𝑝2 + 𝑏𝑝1 ∗ + 𝑐/2. Setting these derivatives equal to zero and solving
∗
∗
for 𝑝1 and 𝑝2 respectively gives 𝑝1 ∗ = 𝑎+𝑏𝑝22 + 𝑐 and 𝑝2 ∗ = 𝑎+𝑏𝑝12 + 𝑐/2. This is a system of
two equations and all we must do now is solve for 𝑝1 ∗ and 𝑝2 ∗ . The solution is a little
more complicated because we cannot factor out a 2 + 𝑏 from numerator and denominator
of the algebraic expression. The final solution is given by
𝑝1 ∗ =

3.4

𝑎
2−𝑏

+

𝑐(2+ 𝑏
)
2
4−𝑏2

and 𝑝2 ∗ =

𝑎
2−𝑏

+

𝑐(𝑏+1)
4−𝑏2

The Stackelberg Model

The last duopoly model we will consider is the Stackelberg model. Here, firms do not
choose production levels simultaneously, but there is a leading firm and a following firm.
These hypotheses are reasonable as often one firm introduces a product first and another
firm then tries to catch up.
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Instead of both firms deciding simultaneously, now the game involves a two-step process.
First, firm A decides on a quantity 𝑞1 to sell. Then, after learning of firm A's choice, firm
B chooses a quantity 𝑞2 . The selling price of the good is 𝑎 − 𝑞1 − 𝑞2 . As before, the
marginal cost to produce a unit of the item is 𝑐. Instead of computing a solution in terms
of a Nash equilibrium, since this game is sequential, we will instead find a solution via
backwards induction (essentially backtracking from decisions made latest to earliest).
Firm B makes the last move. This means that our first computation will be to determine
how firm B will react to any quantity announced by firm A. In particular, we wish to
maximize firm B's profit function given by
max 𝜋2 (𝑞1 , 𝑞2 ) = max 𝑞2 [𝑎 − 𝑞1 − 𝑞2 − 𝑐]
𝑞2 ≥0

𝑞2 ≥0

Taking a derivative with respect to 𝑞2 and solving for the maximum value gives that firm
B should produce 𝑎+𝑞21− 𝑐 units (as long as this number is positive). Call this quantity
𝑅2 (𝑞1 ) as it is the reaction of the second firm.
However, the leadership of firm A is clever, and so they can also anticipate the reaction
of firm B to their production decision and will plan accordingly. To maximize their
profits, firm A will maximize the expression 𝑞1 [𝑎 − 𝑞1 − 𝑅2 (𝑞1 ) − 𝑐]. Simplifying this
expression yields 𝑞1

𝑎−𝑞1 − 𝑐
2

. The maximum value of this function occurs at

then plug this value for 𝑞1 in 𝑅2 (𝑞1 ) to see that 𝑅2 (𝑞1 ) =

𝑎− 𝑎−𝑐
−𝑐
2
2

=

𝑎− 𝑐
2

. We can

𝑎−𝑐
4

. From this we

see that the leading firm produces twice as many units as the reacting firm.
Exercise 5. How do the profits of the leading firm in the Stackelberg model compare to
the profits of a firm in the two-firm Cournot model? The models are identical except for
the times when firms set prices. Is it better to make the first move, or not? Does this
answer make intuitive sense?
Solution:
In the Cournot model, each firm earns a profit of
in the Stackelberg model earns

(𝑎−𝑐)2
8

(𝑎−𝑐)2
9

. However, the first-moving firm

. It is better to make the first move. This makes

intuitive sense since there should be an advantage to going first (or introducing a product
first).
Exercise 6. How do the profits of the leading firm in the Stackelberg model compare to
the profits of a firm as a monopoly (only one firm in the market)? In particular, what
price and quantity does a monopolist choose in a model based on Stackelberg
framework?
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Solution:
In a monopoly, the single firm profit is
profit is given by

(𝑎−𝑐)2
4

(𝑎−𝑐)
2

and this is also the quantity produced. The

. In the Stackelberg model, the leading firm produces

the profit for each item is

(𝑎−𝑐)
4

(𝑎−𝑐)
2

. As a result, the profit for the Stackelberg leader is

and
(𝑎−𝑐)2
8

.

This is half as much as the profit of a monopoly.
3.5

The Multi-Stage Prisoner's Dilemma Problem

Consider the traditional Prisoner's Dilemma game except instead of playing the game
once, play the game twice. The payouts of the first game are identical to the payouts of
the second game. As an example, consider the following payoff matrix.
Table 3.5.1

Deny
Defect

Deny

Defect

(6, 6)
(10, 0)

(0, 10)
(2, 2)

If we look at just the second game, the analysis is identical to the one-game situation. In
a Nash equilibrium, both players will choose to defect. As a result, if we wish to
compute a subgame-perfect equilibrium for this game, the Nash equilibrium of the
second game is for both players to defect. Given that both players defect in the second
game the analysis of the first game is the same as the analysis of the second game. Again
both players defect.
Now suppose that instead of a game with two decisions, consider a game with an infinite
number of decisions. That is, for time periods 1 to infinity, players 1 and 2
simultaneously decide to defect or not. Further, suppose that each player decides to play a
trigger strategy where they will decide to defect forever starting at the time after their
counterpart defected. In particular, this means that a player will always choose deny as
long as their opponent has chosen deny in all previous time periods and vice versa. It
turns out that this strategy is a subgame-perfect Nash equilibrium for the Prisoner's
dilemma game. Recall that a Nash equilibrium is subgame -perfect if the players'
strategies constitute a Nash equilibrium in every subgame. [1]
In order to decide which strategy is better, we need to develop a way to add up utility in
an infinite game. For instance, without some modification, it would be impossible to
distinguish between a result with a payout of 1 unit every time against a result with a
20

Commented [MC25]: Did you define this?

payout of 3 units every time as the sum of each collections of payouts would be infinite.
To handle this inconsistency, we will employ a discount factor to games in subsequent
time periods. Suppose that 𝑟 is the interest rate per time period of the game so that a one
1
dollar payout in time period 𝑘 + 1 is worth 𝛿 = 1+𝑟
dollars in time period 𝑘. Assuming a
discount factor of 𝛿, define the present value of a sequence of payouts 𝜋1 , 𝜋2 , 𝜋3 , … given
in time periods 1, 2, 3 … , respectively as 𝜋1 + 𝛿𝜋2 + 𝛿 2 𝜋3 + ⋯
Exercise 7: What is the present value of a game that pays 4 units for the first ten time
periods and 2 units thereafter, when the discount factor is 0.1?
Solution:
The present value is given by summing a geometric series and a partial geometric series.
We have
10

10 2

2 (1 + 11 + (11) + ⋯ ) + 2(1 +

10
10 2
+( )
11
11

10

9

+ ⋯ + (11) )

This gives an answer of approximately 35.518.
Let's show that in this situation we actually have a subgame-perfect Nash equilibrium.
First, notice that each subgame of this game is identical to the original game. Suppose
that one player (without loss of generality, Player 1) has adopted the trigger strategy and
we (well actually, you the reader) will show that assuming a discount factor, 𝛿, close
enough to one, it is a Nash equilibrium for the other player to also adopt the trigger
strategy. Suppose at a certain time period, both players have played deny up to this point.
During the next round, the other player, Player 2, decides to defect.
Now Player 1 will defect for all subsequent rounds, and so Player 2 will also defect for all
subsequent rounds, because knowing that Player 1 will always defect, it is the highestpaying move. To determine whether it was a good decision for Player 2 to defect, we can
compare the total discounted payoffs for defection and non-defection.
Exercise 8: Suppose Player 2 defects. What is the total present value of payoffs for
Player 2, assuming a fixed constant value for 𝛿? What is the total present value of payoffs
if Player 2 does not defect? When is it in the best interest of Player 2 to defect? Give an
inequality involving 𝛿.
Solution:
When Player 2 defects, the present value is given by
10 + 2(𝛿 + 𝛿 2 + 𝛿 3 + ⋯ ) = 10 +
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2𝛿
1− 𝛿

.

When Player 2 does not defect, the present value of payoffs is given by 1−6 𝛿. Player 2
should defect when
2𝛿
6
10 +
≥
1−𝛿
1−𝛿
This occurs when 𝛿 ≤ 1/2. Notice that the answer of this problem depends upon the
relative values of the payoff matrix.
Exercise 9. Suppose that there are two firms that are currently Cournot duopolists. Is it
possible for these firms to use trigger strategies to increase each firm's individual profits?
In this series of questions we will examine whether such an arrangement is possible. As
in the Cournot model, we will assume that firms compete on quantity, but now will
simultaneously choose their product quantity for an infinite number of time periods, with
discount factor 𝛿.
Recall the set-up from previous sections: Let 𝑞1 be the amount produced by firm 1 and let
𝑞2 be the amount produced by firm 2. In this market, the more good that is produced by
the firms combined, the lower the price. In particular, we model the price of the good as
𝑃(𝑄) = 𝑎 − 𝑄, where 𝑄 = 𝑞1 + 𝑞2 . Here 𝑎 is a fixed constant known to both firms.
Here is one idea for a trigger strategy: Each firm will produce half the quantity of a
monopolist in the first time period. Continue to do this as long as the other firm produces
half the monopolist quantity for all previous time periods. Otherwise produce at the
Cournot equilibrium quantity. For what values of 𝛿 does this strategy produce a Nash
equilibrium? [1]
Solution:
𝑎−𝑐
Recall that the quantity produced by a single monopolist is 2 . If both firms produce
half the monopoly quantity, their profit will be
duopolists, their profit will each be

(𝑎−𝑐)2
9

(𝑎−𝑐)2
8

each. When both are Cournot

. If one firm produces at half the monopolist

level and the other produces at a level that maximizes their profit, that firm will decide to
produce

3(𝑎−𝑐)
8

units and their profit for this round will be

firm will earn a profit of

3(𝑎−𝑐)2
32

9(𝑎−𝑐)2
64

. The half-monopolist

. We can then solve a series of equations akin to the

Prisoner's dilemma analysis and obtain a solution that for the trigger strategy to be a Nash
equilibrium, 𝛿 ≥

9
17

. More investigation: What happens when 𝛿 <

9
17

?

Exercise 10. Does a similar strategy work for three firms? What about 𝑛 firms? Explain
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whether a Nash equilibrium could be obtained in a similar way.
Solution:
An analogous analysis will work for any number of identical firms.
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Chapter 4
Applications of Game Theory to Terrorism
4.1

Introduction

The subject of this unit is to explore applications of game theory to terrorism [1],
particularly in the transmission of Anthrax. We investigate how game theory can be used
to study various strategies before, during, and aftermath of an Anthrax attack. Anthrax is
currently listed as a Category A agent by CDC, posing one of the largest possible threats
to public health as it disperses in large area quite quickly [3, 4]. Significant planning is
required to avoid catastrophic effects on the population. A goal of this module is to teach
basic aspects of game theory, and in this case, its application to a particular type of
terrorist attack in order to better prepare for such events and develop a better response
plan.
4.2

Anthrax attacks, prevention and strategies

According to Alfa Medical, an official CDC Anthrax Protection Guidelines, Anthrax is
an acute infectious disease caused by the spore-forming bacterium Bacillus anthracis.
Anthrax can be transmitted through contacts (skin cutaneous), digesting spores
(gastrointestinal), and inhalation. Skin cutaneous is easy to treat through antibiotics, if
diagnosed early. If it remains untreated, about twenty percent of skin cutaneous cases
result in death. On the other hand,the death rate is less than one percent if the disease is
treated with antibiotics. Gastrointestinal Anthrax is more severe and the fatality rate may
vary widely, from twenty five percent to as high as seventy five percent. Inhalation
however, is the most severe form of Anthrax. If not treated, almost ninety percent of
Anthrax cases result in deaths and about seventy five percent deaths occur even with all
sorts of treatment and care [3, 4]. According to the Center of Disease Control and
Prevention (CDC), Anthrax is listed as a category A agent. Category A agents are those
that pose largest possible threats to public health, may disperse in large area, and requires
significant planning to avoid catastrophic effects on public health. Vaccination, use of
intelligence i.e. knowing a priori where and how attack will happen, mail or package
screening, or use of masks and gloves are a few strategies which can be considered for
Anthrax prevention.
The following exercise demonstrates, what we can do to better prepare for and respond to
terrorism in case of Anthrax attack.
Exercise 1. Two players, USA and the terrorists, are deciding on their strategies. The
payoffs for both players are given in terms of losses. The payoff for USA is the
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percentage of people that are attacked but survive the attack and the payoff for the
terrorists is the percentage of people who do not survive the attack. The strategies that
both players will be using are the following: USA strategies consists of Vaccination (V),
Intelligence (I), Treatment (T) – based on the medium the terrorists used for attack and
No Action (NA); and Terrorist strategies consists of Skin contact (C), Contamination by
food (F), Inhalation (IN) and No Action (NA). The payoff matrix is provided in table
4.2.1. The rules are the following:
 Both players are playing simultaneously.
 USA either provides vaccination to the whole population as a preventive measure
or may use a priori knowledge (intelligence) of where and when an attack will
happen and act accordingly to thwart the attack. However, these two strategies
cannot be used together.
 If a patient is diagnosed with Anthrax, the patient will be provided with all sorts
of appropriate treatment with maximum efficacy.
Table 4.2.1: Payoff Matrix
USA
Treatment (T)
TERRORISTS

Vaccination (V)

Food (F)

(0.50, 0.50)

(0.08, 0.92)

Intelligence
(I)
(0, 1)

No Action
(NA)
(0.85, 0.15)

Contact (C)

(0.03, 0.97)

(0.056, 0.944)

(0, 1)

(0.80, 0.20)

Inhalation (IN)

(0.75, 0.25)

(0.063, 0.937)

(0, 1)

(0.99, 0.01)

No Action
(NA)

(0, 1)

(0, 1)

(0, 1)

(0, 1)

Answer the following questions:
a. Identify the type of problem this is with respect to game theory and explain why.
b. Draw a Tree Diagram.
c. Identify the method to solve the problem.
d. Use this method and find the equilibrium points. Explain clearly how these points
are obtained.
e. Explain the best strategy for USA.
Solution:
a. This is a zero-sum game because it is a variation of constant sum game i.e. a gain
for one player is at the expense of the other.
b. The tree diagram for exercise 1 is provided in figure 4.2.1. The first and the
second letters represent the strategies adopted by player 1 and player 2
respectively. We assume here that the treatment is provided with maximum
efficacy if an outbreak occurs.
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c. We use the minimax principle [2] to solve the problem. Minimax is a decision
rule used in game theory for minimizing the possible loss for a worst case
(Min{max}) scenario. Alternatively, we can think of it as maximizing the
minimum gain (Max{min}). The theory was originally formulated for two-player
zero-sum game; however, it is expanded to more complex games in the presence
of uncertainty.
d. Table 4.2.2 below shows the method to solve the problem by using minimax
principle. It represents the payoff values for the terrorists only (or alternately for
the USA only).
Table 4.2.2: Minimax Principle
USA
Min{max} = 0
TERRORISTS
Max{min} = 0
Food (F)
Contact (C)
Inhalation (IN)
No Action (NA)

Treatment
(T)
0.50
0.03
0.75
0

Vaccination
(V)
0.08
0.056
0.063
0

Intelligence
(I)
0
0
0
0

No Action
(NA)
0.85
0.80
0.99
0

The solution steps are shown below.
Step1: Choose the minimum from each row and choose the Max{min} which is 0
in this case.
Step 2: Choose the maximum from each column and choose the Min{max} which
is 0 in this case.
Step 3: Payoff is an equilibrium point and the corresponding strategies are an
equilibrium strategy pair where Max{min} = Min{max}. Therefore, intelligence
is the best strategy for the USA compared to the other available options . This will
essentially result in 0 payoff for the terrorists.

Fig. 4.2.1: Tree Diagram
26

e. The best strategy for USA to use Intelligence (I). It also gives hundred percent
survivals.
Exercise 2.
a. Find the Nash equilibriums [2] for the problem described in Exercise 1?
b. Are the equilibrium points different than those found by using the minimax
principle? Explain.
Solution:
a. The solution for Nash equilibriums is shown in table 4.2.3 and here are the steps.
Step1: For the row player (Terrorists), for each strategy of the row player highlight
the column player’s best response in blue.
Step 2: For the column player (USA), for each strategy of the column player
highlight the row player’s best response in red.
Step 3: Identify the entries of the payoff matrix with both colors. These are the
equilibriums for the game. These are Nash equilibrium.
Remarks: We notice there are four Nash equilibrium points (shown in red and
blue): FI, CI, INI, and NAI. The best strategy for the United States is to use
resources for information gathering or intelligence than anything else.
b. The equilibrium points found by the minimax method and the Nash equilibrium
method are same here. In a zero-sum game, the minimax solution is the same as
the Nash equilibrium. It is not the case though when we have non zero-sum game.
Table 4.2.3: Nash equilibrium solutions
USA

TERRORISTS

Food (F)
Contact (C)
Inhalation
(IN)
No Action
(NA)

Treatment
(T)
(0.50, 0.50)

Vaccination
(V)
(0.08, 0.92)

Intelligence
(I)
(0, 1)

No Action
(NA)
(0.85, 0.15)

(0.03, 0.97)
(0.75, 0.25)

(0.056, 0.944)
(0.063, 0.937)

(0, 1)
(0, 1)

(0.80, 0.20)
(0.99, 0.01)

(0, 1)

(0, 1)

(0, 1)

(0, 1)
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Table 4.2.4: Payoff
USA

TERRORISTS

Vaccination (V)

Intelligence (I)

No Action (NA)

Food (F)

(0.08, 0.92)

(0, 1)

(0.85, 0.15)

Contact (C)

(0.056, 0.944)

(0, 1)

(0.80, 0.20)

Inhalation (IN)

(0.063, 0.937)

(0, 1)

(0.99, 0.01)

No Action (NA)

(0, 1)

(0, 1)

(0, 1)

Exercise 3: Consider player 1, the USA, plays a strategy before the terrorists, player 2,
plays. The payoffs for both players are shown in table 4.2.4.
Assume the following:
 Player 1 plays first.
 Player 2 is not aware of player 1’s strategy.
 Player 1 has only two options:
o 1. To take prevention (P) with probability p.
o 2. To take no action (NA) with probability 1-p.
 If USA plays P, USA will provide vaccination with probability q or may use
a priori knowledge (intelligence) of where and when an attack will happen and act
accordingly to thwart the attack with probability 1-q.
 Player 2 may choose to attack by using any one of the following strategies: C, F,
IN, or NA with equal probabilities.
Answer the following questions.
a. Draw a Tree Diagram.
b. Find the Nash equilibriums (do not consider the probabilities while calculating the
Nash equilibriums). Explain the steps.
c. Find the expected payoff for USA and the terrorists.
d. Find Bayesian Equilibrium points [2]. Explain clearly how these points are
found.
e. Draw conclusions based on your findings.
f. Use simulation to justify your findings.
Solution:
a. The tree diagram for this problem is shown in figure 4.2.2.
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Fig. 4.2.2: Tree Diagram
b. Nash Equilibriums: For USA column 2 dominates column 1 and column 3. Once
columns 1 and 3 are removed, all rows have same values for player 2. There are
four Nash equilibriums for this problem: FI, CI, INI, and NAI.
c. Expected payoff for USA:
1
E (V )  (0.92  0.944  0.937  1) pq  3.801  0.25 pq  0.95025 pq
4
1
E ( I )  (1  1  1  1) p(1  q)  p(1  q)
4
1
E ( NA)  (0.15  0.2  0.01  1)(1  p )  1.36  0.25(1  p )  0.34(1  p )
4
Expected Payoffs for Terrorists:
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1
E ( F )  [0.08 pq  (0) p(1  q)  0.85(1  p)]  0.25[0.08 pq  0.85(1  p)]
4
1
E (C )  [0.056 pq  (0) p(1  q)  0.8(1  p )]  0.25[0.056 pq  0.8(1  p)]
4
1
E ( IN )  [0.063 pq  (0) p(1  q)  0.99(1  p )]  0.25[0.063 pq  0.99(1  p)]
4
1
E ( NA)  [(0) pq  (0) p(1  q)  (0)(1  p )]  0
4
d. Bayesian Equilibriums:
For Bayesian analysis, divide the region as follows:
1
1
Case I : 0  p  and 0  q 
2
2
1
1
Case II : 0  p  and  q  1
2
2
1
1
Case III :  p  1 and 0  q 
2
2
1
1
Case IV :  p  1 and  q  1
2
2
Strategies for USA:
1
1
Case I : 0  p  and 0  q 
2
2
1
E (V )  (0.92  0.944  0.937  1) pq  3.801  0.25 pq  0.95025 pq
4
Therefore,
1 1
0  E(V) = 0.95025pq  ( )( )(0.95025)  0.2376
2 2
1
E ( I )  (1  1  1  1) p(1  q)  p(1  q)
4
1
1
0  E(I) = p(1 - q)  (1  q)   0.5
2
2
1
E ( NA)  (0.15  0.2  0.01  1)(1  p )  1.36  0.25(1  p )  0.34(1  p )
4
1
0.17  0.34( )  E(NA) = 0.34(1 - p)  0.34
2
1
1
Case II : 0  p  and  q  1
2
2
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1
E (V )  (0.92  0.944  0.937  1) pq  3.801  0.25 pq  0.95025 pq
4
Therefore,
1
1
1
0  (0.95025 p )  E(V) = 0.95025pq  (0.95025q)  (0.95025)  0.475125
2
2
2
1
E ( I )  (1  1  1  1) p(1  q)  p(1  q)
4
1 1
0  E(I) = p(1 - q)  ( )( )  0.25
2 2
1
E ( NA)  (0.15  0.2  0.01  1)(1  p )  1.36  0.25(1  p )  0.34(1  p )
4
1
0.17  0.34( )  E(NA) = 0.34(1 - p)  0.34
2
1
1
Case III :  p  1 and 0  q 
2
2
1
E (V )  (0.92  0.944  0.937  1) pq  3.801  0.25 pq  0.95025 pq
4
Therefore,
1
1
1
0  (0.95025q)  E(V) = 0.95025pq  (0.95025 p )  (0.95025)  0.475125
2
2
2
1
E ( I )  (1  1  1  1) p(1  q)  p(1  q)
4
1
0  (1  q)  E(I) = p(1 - q)  1
2
1
E ( NA)  (0.15  0.2  0.01  1)(1  p )  1.36  0.25(1  p )  0.34(1  p )
4
1
0  E(NA) = 0.34(1 - p)  (0.34)  0.17
2
1
1
Case IV :  p  1 and  q  1
2
2
1
E (V )  (0.92  0.944  0.937  1) pq  3.801  0.25 pq  0.95025 pq
4
Therefore,
1 1
0.2376  ( )( )0.95025  E(V) = 0.95025pq  1
2 2
1
E ( I )  (1  1  1  1) p(1  q)  p(1  q)
4
1
1
1
0  (1  q)  E(I) = p(1 - q)  ( ) p   0.5
2
2
2
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1
(0.15  0.2  0.01  1)(1  p )  1.36  0.25(1  p )  0.34(1  p )
4
1
0  E(NA) = 0.34(1 - p)  (0.34)  0.17
2
e. Table 4.2.5 lists ranges of expected payoff values for all strategies of USA.
Clearly the table shows USA is expected to choose intelligence over other
strategies when 0 < p < ½ and 0 < q < ½ or ½ < p < 1 and 0 < q < ½. And USA is
expected to choose vaccination over other strategies if 0 < p < ½ and ½ < q < 1 or
½ < p < 1 and ½ < q < 1. If 0 < p < ½, 0 < q < ½ or 0 < p < ½, ½ < q < 1, then it
is debatable which method to use since no action (NA) strategy of USA
guarantees at least the payoff values of 0.17, however, realistically, probably it is
not the best strategy to use.
Remarks: While no probabilities are considered, observing Nash equilibrium
results, the best strategy for the USA is to use intelligence irrespective of the
terrorists' choices. Here Bayesian equilibrium shows different strategies for both
players.
Table 4.2.5: Expected Payoff
E ( NA) 

Strategies
for
USA/Cases

0 < p < ½, 0 < q < ½

0 < p < ½, ½ < q < 1

½ < p < 1, 0 < q < ½

½ < p < 1, ½ < q < 1

E(V)

0 ≤ E(V) ≤ 0.24

0 ≤ E(V) ≤ 0.48

0 ≤ E(V) ≤ 0.48

0.24 ≤ E(V) ≤ 1

E(I)

0 ≤ E(I) ≤ 0.5

0 ≤ E(I) ≤ 0.25

0 ≤ E(I) ≤ 1

0 ≤ E(I) ≤ 0.5

E(NA)

0.17 ≤ E(NA) ≤ 0.34

0.17 ≤ E(NA) ≤ 0.34

0 ≤ E(NA) ≤ 0.17

0 ≤ E(NA) ≤ 0.17

f. Simulation in MATLAB is used to show the landscape of the payoff values for
both players. Clearly landscape payoff graphs of USA reinforce our findings in
part (d). Note that red means high payoff values, whereas, blue represents low
payoff values. Notice that the terrorists will prefer p < ½, i.e. probability of
prevention is less than ½; otherwise, they will have low payoff values irrespective
of their strategies. Figure 4.2.3 shows simulation of expected payoffs for all
strategies for both players. This figure shows similar results for USA that are
presented in Table 4.2.5.
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Fig. 4.2.3: MATLAB Simulation
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