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Food Safety, Structural Integrity, and Medical Imaging 
What Do They Have in Common? 

Tomography  
 

Katrina M. Palmer and Margaret (Midge) Cozzens 

 

This module provides real-life examples that uses skills from algebra II and 

geometry, including modeling using e, solving systems of equations, and 

visualization in 3-D, to understand one of the important tools available to 

physicians in understanding the status of the human body and which are 

applicable to many areas of homeland security.  In addition to medical imaging, 

applications are provided to autopsies, structural soundness, and food safety, 

areas that are increasingly important today. It starts with an introduction to 

tomography, then introduces some basic mathematics used in computed 

tomography (CT scans).  The module looks at the biology of the human body, 

what anatomical conditions can be observed using various kinds of scans, and 

the differences between CT scans and positron emission tomography (PET 

scans).  Many students have heard of (or even have had) an MRI or CT scan, or 

even a PET scan, thus the topic has inherent interest to students. Throughout the 

module, there are many activities, worked examples, homework problems, and 

various assessment tools. 

Teacher notes are all in red. 

Section 1:  Introduction to Tomography    

This section introduces imaging techniques and some of the applications to food 

safety and structural soundness along with the medical applications. Activities 

use probes of a ball of yarn and student hands to illustrate in a simple way what 

happens when CT scans are taken of the human body or other structure. 

 

Today it may be difficult for us to imagine how mysterious the inside of a living 

person seemed more than 100 years ago when x-rays were discovered in 1895.  

Since 1895, there have been several advances in x-rays – not only in medical 
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imaging.  Most people have had dental x-rays or an x-ray of their leg to 

determine if a bone is broken. Currently x-rays are also used to see inside 

baggage in airports or to see inside trucks crossing the border.  Imaging 

techniques have advanced greatly, and today we have CT and PET scans to 

help visualize the interior of humans.  How do CT and PET scans work and what 

is tomography?  Tomography is the science of examining an internal structure 

with external measurements.  Literally, tomography means ``slice imaging''.  To 

help understand what tomography is, we begin with an activity: 

 

Activity 1:  Probing a ball of yarn 
Take a ball of yarn and put an eraser into the middle of it without the students 

seeing you do it (ahead of time is best).  This is possible with most balls of large 

weight yarn.  (Equivalently you can wrap yarn around a coin or eraser).   

Pass the ball of yarn around the classroom.   Answer the following questions: 

1. Does it feels heavier than you think it should feel? 

2. What are possible explanations for why it appears heavier?   

With a knitting needle or sharp pencil probe the ball in all directions.   

3. What do you find?  

4. Is there anything solid in the ball of yarn?’ 

5. How do you know? 

6. How can you figure out what's inside? 

7. How exact is this answer? 

8. What measurements could you record to make the solution more precise? 

9. Does it make a difference how big the object is when you are searching 

for it? 

  

By probing the ball, students can determine if there is something inside the ball 

and they can get an idea of the shape and size of the object inside the ball, 

without having to unravel the yarn.   
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A CT scan hopes to achieve the same result as probing with the knitting needle, 

but more accurately.  Instead of collecting information by probing, x-rays (CT-

scans) collect information on how much energy is absorbed as the body is 

scanned and this is recorded in the computer.  Figure 1 shows the inside of a CT 

scanner. 

 

 

Figure 1:  A modern (2006) CT scanner with the cover removed, demonstrating the principle of 
operation. The X-ray tube and the detectors are mounted on a ring shaped gantry. The patient 
lies in the center of the gantry while the gantry rotates around them. (from Wikepedia Commons) 

Application 1:  Medical Imaging - CT-scans and PET scans – what is the 
difference?   

 CT scans give anatomical images and use x-rays to show structures, such as 

bones and organs.  Positron Emission Tomography, better known as PET scans, 

give functional images and use radioactive isotopes, called tracers, to show 

processes such as metabolism, protein synthesis, or neurotransmitter activities.  

PET scans are used to detect a wide variety of diseases including many forms of 

cancer and heart disease.  CT scan images look the same whether the person is 

dead or alive, whereas the PET scan images show nothing if the person is dead.  

Both are classified as forms of tomography. 
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The biochemistry of your tissues and cells changes when disease strikes.    A 

CT-scan is able to detect and localize changes in the body structure, such as 

size, shape, and exact location of an abnormal growth, a sizeable tumor, or 

musculoskeletal injury, as illustrated in Figure 2a.  The PET scan images the 

biology of disorders at the molecular level, allowing physicians to detect 

abnormalities in cellular level often before anatomic changes are visible, as is 

illustrated in Figure 2b.  Often PET and CT scans are used together and overlaid, 

especially for diagnosing and monitoring cancer growth and brain disorders. 

 

 
Figure 2a:  CT image of 93-year old woman. 

Note the bone structure deterioration, especially the osteoporosis. 
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Figure 2b:  PET Image of 93 year old woman. 

Note the brightly colored areas indicating cancer and no bone structure. 

 

Application 2: Identification of hairline fractures in industrial parts 

Many manufactured parts must be inspected for dangerous defects.  This is 

particularly important for parts used in medical devices, transportation vehicles, 

large weight-bearing structures, and others.  Human inspection is difficult at best 

since hairline cracks are often hard to see with the naked eye.  Now high-

resolution industrial scanners, called micro CTs can perform the inspections.   

Initially these CT scanners were slow and bulky and they still take considerable 

X-ray power to penetrate denser materials, but their resolution and their current 

speed has improved dramatically, and can be performed at the same rate as 

production.  A scanner can automatically inspect and measure small components 

in as few as six seconds depending on composition.  Unlike CT scans of humans 

where the scanner moves around the person, industrial CT scanner are fixed and 

the object being scanned is rotated.  Nano CT scans are now being developed 

that can show exceedingly small details.  These nano-CT scans will be 

particularly useful in the fuel cell and battery industries.   
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Application 3:  Nondestructive testing  

The previous example of CT scans used in industrial manufacturing is just one 

example of CT scan use in nondestructive testing in forensic engineering, 

mechanical, electrical, civil, systems and aeronautical engineering, and in art.  

Scans are used at the time of creation or to examine structures and parts after 

years of wear.  One of the best examples of the use of CT scans is in weld 

verification.  Welds are used to join two metal surfaces.  Typical welding defects 

such as poor fusion of the base metals, cracks, or porosity inside the weld may 

cause a structure to break or a pipeline to rupture and leak.  Nuclear power 

plants use scanners to determine the fitness of their heat exchangers, tanks, in-

plant piping and pressure vessels.  A second example is the use of CT scanners 

to determine the need for bridge maintenance or repair, so that repairs can be 

made before tragic consequences occur.   

Application 4:  Food Safety 

A more recent experimental application of CT scans is to food safety.  Despite 

rigorous national standards for food safety there continue to be incidents of E-coli 

infected spinach and salmonella infected tomatoes reaching the tables of 

consumers around the country.  A recent (August- September 2011) example is 

of melons from Colorado which carried lysteria - a potentially deadly bacteria- 

across the United States, killing many.  Food engineering experts from Texas 

A&M are using CT scans to map produce to determine the exact absorbed dose 

of ionizing radiation to irradiate fruits and vegetable to kill harmful bacteria, 

insects and parasites.  See Figure 3.  Using computer simulations they can take 

the scanned images of the fruit to compute the smallest dose of radiation to 

reach each part. No fruit or vegetable is exactly alike so mapping out dosages is 

both challenging and amenable to CT scan technology.  Proper mapping allows 

for safe irradiation (exposure to controlled amounts of ionizing radiation for a 

specific time period to inactivate pathogens) of the produce.  
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In addition, it is possible to scan products such as strawberries to detect the 

presence of bacteria without harming the strawberries themselves.   

 

 

Figure 3.  An illustration of the procedure used to calculate the dose distribution in a 
whole cantaloupe.  (Castell-Perez and Moreira, Food Safety Magazine, February-March 2011.) 

 
 

Math Review: 
Recall the exponential equation: y=aert where a is the initial value and r is 
the continuous rate of growth or decay. If r is greater than zero, then the 
equation models exponential growth, and if r is less than zero, then it 
represents exponential decay. 
 

It is easy to make positron-emitting isotopes of elements such as carbon, 

oxygen, and nitrogen commonly found in the body, as well as others such as 

fluorine-18 with half life of 110 minutes, which can be incorporated into certain 

biological molecules, such as glucose, without changing the way the molecule 

behaves in the body.  These isotopes have short half-lives, so that they decay 

quickly in the body, a good thing.  The PET image shows the location where the 

tracer was taken up in the body and how much was absorbed.   Greater 
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quantities of absorption of the tracer indicate a possibly cancerous area, or 

abnormal metabolic changes. 

 

Activity 2: Hands  

In a darkened room, lay your hand on an overhead projector and try to draw an 

outline of the bones in your hand.  Alternatively, shine a strong flashlight through 

your hand and try and draw an outline of the bones in your hand. 

Answer the following questions:   

1.  Why can you see the bones?   

2.  How does this activity relate to the ball of yarn activity?  In other words, what 

is acting as the ball of yarn?  What is “inside” and what is “outside”? What is 

acting as the knitting needle?   

Teacher note:  this is related to optical tomography. 

 
Homework for Section 1: 
1.  What kind of data is collected from medical CT scans:  How safe is it?   

2.  What are two questions that you have about CT scans?  

3.  What other types of tomography are there?  Use the web and research one 

other type of tomography (see list below) and give a one page summary that 

answers the following questions Be prepared to give a 3-5 minute presentation 

the next day in class:   

a.  What is type of tomography did you choose? 

b.  What is it used for? 

c.  What are its advantages?  Disadvantages? 

d.  What is a nontechnical description of how it works.  

  

Possible types of tomography: 

1.  Pipeline tomography 

2.  Magnetic resonance imaging (MRI) 

3.  Functional MRI 

4   Electrical impedance tomography 



10 
 

 
 

5.  Atom probe tomography 

6.  Optical tomography 

7.  Ocean Acoustic tomography 

8.  Food safety tomography 

9.  Concrete solidity tomography 

 
Selected Solutions for Section 1 Homework 

1. CT scans collect data on the amount of x-ray absorbed.  Because CT 

scans are thousands of x-rays, it is not recommended that you have many 

of them. 

2. Example 

a. Pipeline tomography:  http://www.petronesia.co.id/menu-products-and-

services/submenu-services-mtm-service.html 

b. It Identifies defects in pipelines 

c. Advantages: don’t have to dig up pipelines or use PIG (pipeline inspection 

gauges)   

Disadvantages – Cannot guarantee the detection of defects which do not  

cause a change in the level of stress deformed condition – i.e. blow holes,  

pitting 

d. It uses a magnet  

You can use the video at any time during the two days, but the beginning of day 

2 might be ideal.  

Section 2:  This section uses two activities:  a 5x5 checkerboard, and milk 

bottles to illustrate how CT scans work. 

 
Activity1:  Checkerboard Activity1 

For this activity each group will need a 5 by 5 “checkerboard” or grid (included in 

appendix) and 3 checkers.  If no checkers are available you can use pennies. 

                                         
1 Mathematical News – Alan Adolphson – www.math.okstate.edu 
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First, place 3 checkers anywhere on the checkerboard.  We are going to assign a 

number to each square on the board.  Four lines pass through each square on 

the checkerboard: horizontal, vertical, and two diagonals.  Count the number of 

checkers on each of the four lines passing through that square – the sum of 

those four numbers is the number for that square.  For example, consider the 

checkerboard in figure 4 with three checkers.  

     

 X    

     

  X    

    X 

Figure 4: Three checkers on board. 

 

     

 X    

     

  X    

    X 

 

Figure 5:  Example of four lines through square on checkerboard.  

 

     

 X    

     

  X    

    X 

 

Figure 6:  Example of four lines through an empty square. 

Figures 5 and 6 provide examples of the four lines through squares on a 

checkerboard. 
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Let’s begin to determine the numbers for each square starting with the empty first 

square in the first row/first column as shown in Figure 6:   

Step 1: The vertical line through the square passes through no checkers, for a 

count of 0.   

Step 2:  The horizontal line through the square passes through no checkers, for a 

count of 0. 

Step 3:  The diagonal going up from left to right through the square passes 

through no checkers, for a count of 0. 

Step 4:  The diagonal going down from left to right through the square passes 

through two checkers, for a count of 2.   

Step 5:  Add up all the counts, for a total count of 2. 

Now consider a square with a checker on it - the first square with a checker on it 

(second row, second column) as indicated in Figure 5: 

Step 1: The vertical line through the square passes through 2 checkers, for a 

count of 2.   

Step 2:  The horizontal line through the square passes through 1 checker, for a 

count of 1. 

Step 3:  The diagonal going up from left to right through the square passes 

through 1 checker, for a count of 1. 

Step 4:  The diagonal going down from left to right through the square passes 

through two checkers, for a count of 2.   

Step 5:  Add up all the counts, for a total count of 2+1+1+2 = 6. 

 The complete numbered checkerboard is shown in Figure 7.  

  

2 2 1 0 2 

1 6 1 2 2 

2 2 3 0 1 

1 5 1 3 2 

2 3 2 1 5 

Figure 7:  The numbered checkerboard corresponding to Figure 4. 
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Try a new one:  Given the checkerboard in figure 8, find the corresponding 

number board. 

 

     

 X  X  

     

     

  X   

Figure 8:  A new checkerboard with 3 checkers. 

 

Solution: 

1 1 3 1 1 

2 5 3 5 2 

2 1 3 1 2 

0 3 1 3 0 

2 2 4 2 2 

 

 

Questions: 

1. Given a numbered checkerboard, can you tell where the three checkers 

are on the numbered checkerboard?  Guesses? 

Solution:  For a 5 by 5 board and 3 checkers, the location of the checkers is 

where the three highest numbers are. 

2. Given the numbered checkerboard in Figure 9, find the location of three 

checkers. 

1 2 2 1 0 

2 4 3 2 2 

3 2 3 4 2 

0 2 2 3 1 

1 3 4 2 2 

Figure 9:  A new numbered checkerboard. 
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Solution 

 

     

 X    

   X  

     

  X   

 

3. Challenge question:  At this point we have used a 5 by 5 board with 3 

checkers.  What do you think will happen with 4 checkers, or 5 checkers, 

or more?  What happens if the checkerboards are bigger? 

 

Activity 2:  Milk Bottle Activity2 

Imagine that milk and fruit juice are delivered in bottles that are placed in trays 

with 9 compartments arranged as a 3 by 3 grid, one on top of another.  Each 

compartment of the tray contains a bottle, which may contain milk, juice, or may 

be empty.  The goal is to try to figure out in a given tray which bottle is in which  

compartment.  Since other trays are on top, we cannot just look down on top of 

the tray.   

 

 
Figure 10:  3-dimensional stack of trays. 

                                         
2  Saving lives: the mathematics of tomography, Chris Budd & Cathryn Mitchell 
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(http://www.market4free.com/classifieds/ads/for-sale/antiques-vintage) 
 

By looking through the sides we can see how much light has been absorbed in 

different directions.  Different types of bottles absorb different amounts of light.  

Assume that milk bottles absorb 3 units, juice bottles 2 units and empty bottles 1 

unit.  If a light beam is shone through several bottles, then the absorptions of 

each bottle add up to a total absorption.  For example, if a light beam shines 

through a juice bottle, then it shines through an empty bottle, and finally it shines 

through another empty bottle then 4 units are absorbed. 

 

Figure 11 indicates the total amount of light absorbed when shining light through 

each of the rows and each of the columns of a tray. What is the possible 

configuration of the nine bottles on the tray?  Compare your solutions with each 

other.   

 

      5 

      6 

      4 

6 3 6  
Figure 11:  Count of tray of 9 bottles. 

 

For example, the amount of light absorbed in the first row is 5 units, so there 

could be two juice bottles and one empty bottle or one milk bottle and two empty 

bottles in the first row. 

 

 

 

 

 

To the teacher:  There are two possible solutions.   
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3  1  1  5 

 2  1  3 6 

 1 1  2  4 

6 3 6  
 

 2 1 2 5 

 2 1 3 6 

2 1 1 4 

6 3 6  

 

 

Questions:   

1. How many solutions are possible? 

There are two possible solutions. 

2. What do we need in order to solve this (with just one solution)? 

We need more information. For example, if we know the sum of one (or more) of 

the diagonals. 

3. How many pieces of data are we trying to solve for? 

There are nine bottles, so there are 9 pieces of data we are solving for. 

4. How many pieces of information are we given? 

We were only given 6 pieces of information – the sum of the 3 horizontal and 3 

vertical lines. 

5. Suppose you are told the amount of light absorbed through the diagonal 

going down from left to right is 6.  Can you narrow down the possible 

solutions to the problem? 

Yes, the solution is  

3  1  1  5 

 2  1  3 6 

 1 1  2  4 

6 3 6  
 

 

 Milk Empty Empty  

Juice Empty Milk  

Empty Empty Juice  

    

 
Section 2 Homework:   

1. Given the numbered checkerboard and 5 checkers, and find the location of the 

checkers.  Is there a unique answer? 
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4 3 2 3 3 

2 3 4 3 2 

3 3 4 3 4 

3 4 2 4 4 

3 2 4 4 3 

 

2.  Milk/Juice Bottles:   

a) Determine 4 possible solutions to the milk/juice problem below. 

b) Find solution(s) if the main diagonal absorbs 6 units. 

c) Find solution(s) if the off diagonal absorbs 5 units. 

 

      4 

      8 

      6 

6 5 7  

 

3. Can you see how these two activities relate to tomography?  Explain. 

 

Solutions to Homework for Section 2 
1.  It is unique 

X     

  X   

    X 

  X    

   X  
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2. The four possible solutions are 
 

 1 1 2 4 

2 3 3 8 

3 1 2 6 

6 5 7  

 1 2 1 4 

3 2 3 8 

2 1 3 6 

6 5 7  
 

 1 1 2 4 

3 3 2 8 

2 1 3 6 

6 5 7  

 2 1 1 4 

2 3 3 8 

2 1 3 6 

6 5 7  

   

3- Tomography is trying to determine the internal structure of something.  For 

activity one, the location of the checkers is the “internal” structure, and in activity 

two the positions of the bottles by type of bottle determines the internal structure 

of the tray. 

 
Section 3: The Mathematics of Tomography 
This section begins with an application of tomography to archaeology and 

autopsies and the death of King Tut.  It continues with a closer look at the 

mathematics and physics of tomography, especially as applied to medical 

imaging.  The mathematics of tomography involves exponential equations and 

the use of Beer’s Law, which is illustrated for x-rays of square and rectangular 

objects. 

 

Discuss the answers to the previous days homework problems. 

 

Math Review:  A function as an input-output equation: 

If f(x) = x3 + 5 and the input is x =3, then f(3) = 33 + 5 = 27 + 5 = 32. 

If f(x) = 2x and the input is x = 3 then f(3) = 23 = 8. 

If f(x) = e-x  and the input is x = 3 then f(3) = e-3 = 1/(e3) = 1/(20.09) = .05 
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CT scans are not only used for medical purposes and structural integrity. The 

following is a quote of an Egyptian Tale from1325 B.C., which leads to an 

example from archeology. 

 

An Egyptian Tale 
“In the middle of the night a man moves silently through the halls of the 

Pharaoh's palace. Avoiding the sentries, he makes his way to the bedroom of the 

king himself. Entering, he stealthily approaches a form asleep on the bed. The 

king, still not quite a man, sleeps on his side, unaware of the danger he is in. The 

man pulls out a heavy weapon and takes careful aim. He strikes one blow to the 

lower back of the sleeper's skull. There is a sickening thump. The man then 

moves quietly out of the room, leaving the king to die." 3 

 

This is the story of King Tut.  It was long believed that King Tut died from a blow 

to the head as the quote implies.  This was thought to be confirmed in 1920 when 

they performed an x-ray on the body and found a dense fragment in the back of 

his skull (see Figure 12). 

   

 
Figure 12:  An x-ray of King Tut's head. (http://www.yubm.org/Obit_19.htm) 

 

                                         
3 King Tut - http://www.unmuseum.org/tutmurder.htm 
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However, in 2005, with the advent of tomography, a CT scan was performed, and 

it is now thought that he died from a cut in his leg that led to gangrene.  The 

fragment in the back of his skull is now thought to be where the embalmers 

drilled a hole.4 

 

Several different mathematical techniques and models are used in tomography, 

particularly in medical imaging.  The most commonly used model uses Beer’s 

Law.  Beer's law relates the absorption of energy to the properties of the material 

through which the energy is traveling.   

 

When we take either a classical x-ray test or CT scan, the object is positioned 

between a source of x-rays and a detector and a beam of x-rays penetrates the 

part of the body we are interested in, for example the brain or the shoulder bone.  

 

X-rays consist of microparticles of relatively high energy, called photons. When 

photons go through any material, some of them are reflected back, some are 

absorbed, while the others make their way out and reach the detector (say a 

photographic film). As a model of such a phenomenon, imagine that you throw 

small pebbles through a wire fence. Some of pebbles make it through, but others 

are reflected back by the wire. If we enlarge the holes in the fence, more pebbles 

go through the fence. On the contrary, if we shrink the holes, more pebbles are 

reflected back.  If the fence is solid no pebbles will make it through.  

 

The situation with x-ray photons is similar to the situation of the pebbles hitting 

the fence.  Different tissues have different reflection-absorption properties and let 

through a different proportion of photons.  For example, bones stop more 

photons than soft tissues. Physical experiments show that for each material there 

exists a specific quantity, called the attenuation coefficient, denoted μ, and 

measured in cm-1. (Note the negative exponent in cm-1 meaning that the units are 
                                         
4 King, Michael R.; Cooper, Gregory M. (2006). Who Killed King Tut?: Using Modern Forensics to 

 Solve a 3300-Year-Old Mystery.  Paw Prints. 
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1/cm).  μ measures the ability of the material to absorb or reflect x-rays. The 

higher the attenuation coefficient, the fewer photons penetrate the object.  Beer's 

Law relates the absorption of energy to the properties of the material through 

which the photons are travelling.  To state it precisely, we suppose that the beam 

of x-rays is monochromatic, that is all photons have the same energy. We also 

assume that trajectories of all photons in a beam are straight lines. 

Mathematically, this can be represented by the following equation and 

represented Figure 13: 

 

 Nout = Nine
−μd  (1) 

 

where Nout  is the number of photons that make it through the object, Nin  is the 

number of photons that go into the object,  μ is the attenuation coefficient, and d 

is the distance traveled through the object. 

 

 
 

Figure 13:  Beer’s Law 

Example 1: 

Suppose one x-ray is sent horizontally through a solid square with side length of 

3cm as shown in Figure 14.  Use Beer's Law to find the attenuation coefficient of 

the square. 
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Figure 14:  Example of Beer's Law  

 

Solution: 

Nout = Nine
−μd  

24 = 120 e-3μ 

.2 = e-3μ 

ln(.2) = -3μln(e) 

-1.6 = -3μ 

μ= .5333 is the attenuation coefficient, which measures the ability of the material 

to absorb or reflect x-rays.  In other words, it means that the number coming out 

is 120(1/e.3(5333)) = 120(1/e1.6) = 120(.2) = 24 units when 120 units go in, as 

indicated in Figure 13. 

 

It is not realistic to assume that an object is one solid mass (thus, one constant 

attenuation coefficient is not reasonable except as a simple example).   Beer's 

Law can be extended by adding up the attenuation coefficients of the component 

parts, Nout = Nine
−μ1d1 −μ2d2 L−μndn

, as seen in Figure 15. 

 

 
 

Figure 15:  Extension of Beer's Law   
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Example 2: 

An object has two different attenuation coefficients.  It has dimensions 3 by 4 as 

shown in Figures 16 and 17 and an interior object of size 1 by 1.  Use Beer’s law 

to solve for the two attenuation coefficients by taking x-rays horizontally and 

vertically. 

 
 

Figure 16:  Horizontal x-ray for the example of two attenuation coefficients. 

 
Figure 17:  Vertical x-ray  
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Solution:  Because there are two attenuation coefficients, we need at least two 

equations from sending two x-rays through the object.  Figures 15 and 16 show 

x-rays going through the object horizontally and vertically.  Using the extended 

Beer's Law we get the following two equations: 

 

 4.4 = 120e−μ1 −2μ2    

 2.0=120e-μ1 -3μ2    

To solve this system of equations, first divide each equation by 120 and take the 

natural log of both sides: 

ln(.037) =  -μ1-2 μ2  ln(.017) = -μ1-3 μ2 

-3.297 = -μ1-2 μ2  -4.075 = -μ1-3 μ2 

 

Then use your favorite method for solving systems of equations (such as 

substitution or elimination) to get μ1 ≈ 1.7and μ2 ≈ 0.8 as the two attenuation 

coefficients.  Thus if we change the input value from 120 to 100 we can 

determine the output numbers, namely Nouthorizontal= 100(e-1.7-2(.8) ) = 100(e.-3.3) = 

100(.037) = 3.7 out horizontally, and Noutvertical= 100(e-1.7-3(.8)) = 100(e-4.1) = 

100(.017) = 1.7 out vertically. 

 

Homework for Section 3: 
 

1. Modify example 1 by changing the input value to 80 and the output value 

to 20.  Would you expect it to be smaller or larger than the attenuation 

coefficient found in example 1? 

2. Modifying example 1, find the output value when the input value is 160 

and the attenuation coefficient is .75. 

3. Modifying example 1, find the attenuation coefficient when the input value 

is 200 and the output value is 80?   

4. Example 2 says, “Because there are two attenuation coefficients, we need 

at least two equations.”  How many x-rays would we need to send through 

if there were 3 different objects? What about n different objects? 
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5. Assume the main object in example 2 is 4 by 5 instead of 3 by 4.  Would 

you expect the attenuation coefficients to be larger or smaller or remain 

the same?  Explain.  Rework the example with the new dimensions.  Do 

your answers match your expectations?  Suppose the input value changes 

to 100, what are the two output values? 

6. Is there a range of possible values for an attenuation coefficient? 

 

Solutions to Homework for Section 3 

1.   

Nout = Nine
−μd

20 = 80e−u(3)

20
80

= e−3u

ln(1
4 ) = −3u

u = ln( 1
4 )

−3
≈ .462

 

 

2.  160e−3(.75) ≈16.864 

 3.  

Nout = Nine
−μd

80 = 200e−u(3)

80
200

= e−3u

ln(0.4) = −3u

u = ln(0.4)
−3

≈ .305

 

4.  We need at least the same number of equations (number of x-rays) as there 

are components.  If we have more equations than components, then we may 

have an over-determined system. If we have less equations than components 

then we may have an infinite number of solutions. 

 

5.  Because the distance the x-ray travels is greater, you would expect that the 

value of μ1  or μ2  (or both) will decrease.  The calculations below confirm these 

expectations: μ1decreases. 
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Using the extended Beer's Law we get the following two equations: 

 

 4.4 = 120e−μ1 −3μ2

2.2 = 120e−μ1 −4μ2

 

 

 

To solve this system of equations, first divide each equation by 120 and take the 

natural log of both sides. 

 

 
ln 4.4

120( ) = −μ1 − 3μ2

ln 2.0
120( ) = −μ1 − 4μ2

 

 

The solution is μ1 ≈ 0.9  and μ2 ≈ 0.8 . 

Using an input value of 100, μ1 ≈ 0.9  and μ2 ≈ 0.8 , the output values are: 

Horizontal Output:  100e-.9-3(.8)=100e-3.3=3.69 

Vertical Output:  100e-.9-4(.8)=100e-4.1=1.66 

 

Section 4: Closer to Reality and More Applications 
This section considers how the imaging techniques work when the interior 

structure of an object is not known, indeed in order to determine what is in the 

interior of an object.  It also includes three more applications. 

 

Note that in the previous examples, the interior structure is known, and we solved 

for the attenuation coefficients.  It is more realistic to assume that we don't know 

the internal structure.  To make up for this, we divide the object up into several 

small squares where each small square corresponds to a pixel in the image.  

Think about dividing an object into smaller and smaller segments (Figure 18), 

then take enough x-rays to solve for the attenuation coefficients of each tiny 

square.  If we are trying to solve for 100 attenuation coefficients, then we will 

need to take 100 x-rays. 
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Math Review:   

If you have two equations and three unknowns, you cannot solve for the three 

unknowns exactly.  In order to solve for two variables, you need two equations.  

More generally, to solve for n variables, you need n equations. 

 

This creates a large matrix of attenuation coefficients where the highest value 

shows as white and the lowest value shows as black, and the numbers in 

between show as shades of gray.  Thus, the matrix of attenuation coefficients 

represents an image.  In standard x-ray and CT scans, a lighter color represents 

a denser material.  Notice that in the x-ray shown in Figure 18, the bones, which 

are most dense, are the whitest. 

 

 
Figure 18: Cutting a slice into smaller and smaller pieces 

 

 
Figure 19:  X-ray of a human hand 

 

Example 1: 

Consider a cube with volume 27 cubic centimeters, and we want to take an 

image using a slice parallel to one of the axes.  What is the shape of one slice?  

What is the area of one slice?  Suppose we want be break the slice up into 
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square millimeters.  How many square millimeters fit into one slice?  How many 

x-rays should we take?  

 

Solution: 

Assuming a slice is perpendicular to one of the sides, a slice is a square.  Since 

the volume is 27cm3, we can find the length of one side by finding the cube root 

of one of the sides: 273 = 3cm.  The area of one slice is 9cm2.  To convert 9 cm2 

into mm2, we need the fact that 1cm = 10 mm or 1cm2 = 100 mm2.  So 9 cm2 = 

900 mm2.   Since there are 900 square millimeters, we need at least 900 x-rays 

to solve for each of the 900 compartments. 

 

Example 2: 

Consider a sphere with circumference 42 cm, and we want to image one slice of 

it using slices parallel to a diameter.  What is the shape of one slice?  Is it the 

same as one that goes through the center?  What is the area of one slice that 

goes through the center?  Suppose we want to break the slice up into square 

millimeters.  How many square millimeters fit into one slice?  How many x-rays 

should we take?  

 

Solution: 

The shape of one slice is a circle.  To find the area we first need the radius.  

Circumference is  so  cm.  The area is  or  or 21 cm2 or 

2100 mm2. We would need 2100 x-rays. 

 

How CT and PET images are taken and combined: 
CT scans reconstruct a 3-dimensional image by combining individual slices as 

shown in Figure 20. 
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Figure 20:  CT scan of a brain skull colored for clarity. (Wikepedia Commons) 

 
On the other hand a PET scan is conducted by injecting a short-lived radioactive 

isotope tracer into the blood of a living subject.  The tracer is chemically 

incorporated into a biologically active molecule. As the radioisotope undergoes 

positron emission decay, it emits a positron, an antiparticle of the electron with 

opposite charge. The emitted positron travels in tissue for a short distance 

(typically less than 1 mm), during which time it loses kinetic energy, until it 

decelerates to a point where it can interact with an electron. The encounter 

annihilates both electron and positron, producing a pair of annihilation photons in 

approximately opposite directions. These are detected when they reach a 

scintillator in the scanning device, creating a burst of light which is detected, and 

becomes a record of tissue concentration as the tracer decays as in Figure 21.  

 .  

Figure 21:  PET scan of a brain.  
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Application 4:  Virtual autopsies  

As indicated in the beginning, CT scans provide valuable information even if the 

person being scanned is dead.  Researchers say virtual autopsies may offer a 

reliable alternative to conventional autopsies in certain cases and serve as a tool 

for gathering forensic evidence when a crime may be involved. CT is a sensitive 

imaging tool for detecting injuries and cause of death in victims of blunt trauma,” 

explains Dr. Barry Daly, professor of radiology at the University of Maryland 

School of Medicine. “Our study shows that when there are major injuries, such as 

those resulting from a motor vehicle accident, CT may provide enough 

information so that a conventional autopsy would not be needed”5.  “If we can 

show that image-assisted autopsy is as reliable as physical autopsy, it has the 

potential for a significant savings in time, effort and expenditure. It may also offer 

a possible compassionate alternative for those families whose religious and 

personal beliefs preclude a full autopsy,” says David R. Fowler, M.D., chief 

medical examiner for the state of Maryland6. 

In Dr. Daly’s study, investigators used a whole-body, multi-detector CT to 

evaluate the cause of death and forensic evidence in 20 cases: 14 were victims 

of blunt trauma and six were victims of a penetrating wound made by either a 

knife or gun. Two radiologists reviewed the scans to determine a cause of death 

and compared their conclusion with the results of a conventional autopsy 

performed by state forensic medical examiners. The CT evaluation matched the 

medical examiner’s cause of death in all 14 blunt trauma cases and in five of the 

six penetrating wound cases. In five of the six penetrating wound cases, they 

found that CT provided additional information to help with the investigation, 

including locating all 26 major ballistic fragments recovered from the victims in 

the conventional autopsies.  

                                         
5 Sharon Boston, “Maryland Researches Report Positive Results for CT Scans as Alternative to 
Autopysy”. University of Maryland Medical Center News. November 27, 2007. 
 
6 IBID 
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Virtual autopsies have been done with CT scans of soldiers and others all over 

the world.  The State of Maryland is also using virtual autopsies to detect 

possible abuse of the elderly post mortem.  Rumor has it that a virtual autopsy 

was done on the body of Osama Bin Laden before it was put into the ocean. 

Application 5:  Archaeology   

Similar to the analysis of what killed King Tut, CT scans are being used on 

ancient remains of animals and birds, even those embedded in fossils.  A 

previously unknown 20 million year old long-necked, gliding reptile, embedded in 

stone has been analyzed by an industrial-size scanner at Penn State.  This new 

gliding reptile now has the name Mecistrotrachelos, meaning soaring and long-

necked.  The fossil was found on the Virginia North Carolina border and sat on 

sheets of stone less than a quarter inch thick.  Through CT scans, the bone 

structure and movement behavior has been determined.  2011 was the year 

when many new dinosaurs were identified through the use of high-resolution CT 

x-rays, such as a harelip sucker, sauropodomorph dinosaur, and a herbivorous 

crocodyliform.   

Application 6:  PET technology for small animal imaging 

A miniature PET tomograph (RATCAP) has been constructed that is small 

enough for a fully conscious and mobile rat or other small animal to wear on its 

head while walking around.  Scientists from the U.S. Department of Energy’s 

(DOE) Brookhaven National Laboratory, Stony Brook University, and 

collaborators have demonstrated the efficacy of a wearable, portable PET 

scanner they’ve developed for rats. “Positron emission tomography (PET) is a 

powerful tool for studying the molecular processes that occur in the brain,” said 

Paul Vaska, head of PET physics at Brookhaven with an adjunct appointment at 

Stony Brook, who led the development of the portable scanner together with 

Brookhaven colleagues David Schlyer and Craig Woody. PET studies in animals 

at Brookhaven and elsewhere have helped to uncover the molecular 

underpinnings of conditions such as drug addiction.  Studying animals with PET 
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has required general anesthesia or other methods to immobilize the animals in 

the past. “Immobilization and anesthesia make it impossible to simultaneously 

study neurochemistry and the animals’ behavior — the actions resulting from 

what goes on in the brain,” Schlyer said. “Our approach was to eliminate the 

need for restraint by developing a PET scanner that would move with the animal, 

thus opening up the possibility of directly correlating the imaging data with 

behavioral data acquired at the same time.”7 

 
 
Figure 22:  The sketch represents RatCAP’s ability to simultaneously acquire information 
about brain chemistry, through PET scans (which track gamma rays produced as 
positrons from the radiotracer are annihilated by electrons in the body), and behavior, 
through classical video monitoring (which captures visible light images of animals in 
motion). 
 

Homework for Section 4: 
1. Consider a box that is 2cm tall, 3 cm width, and 4 cm deep, and we want 

to image one slice of it.  The slice is parallel to one side.  What is the 

shape of one slice?  What is the area of one slice?  Suppose we want be 

break the slice up into square millimeters.  How many square millimeters 

fit into one slice?  How many x-rays should we take?  (Note:  the answers 

depend on how the student slices the box.) 

                                         
7 Brookhaven National Labs. New tool will allow integrated, simultaneous study of behavior and 
brain function in animals. March 13, 2011. 
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2. Consider a sphere with circumference 58 cm, and we want to image one 

slice of it.  What is the shape of one slice (that goes through the center)?  

What is the area of one slice?  Suppose we want to break the slice up into 

square millimeters.  How many square millimeters fit into one slice?  How 

many x-rays should we take? 

 
3. Measure the circumference of your head.  How should slices be taken?  

Calculate how many x-rays you would need to take to image a “slice” of 

your head assuming 1 pixel is 1 mm2.   

 

4. Flourine-18 has a half life of 110 minutes.  A sample fresh from the 

cyclotron has an activity recorded as 200 counts per minute.  What will be 

the activity of the same sample recorded 11 hours after the sample has 

been taken from the cyclotron?  (Hint:  write an exponential equation for 

the half life of Flourine -18.) 

 

Solutions to Section 4 Homework  
1. Assuming that my slice is perpendicular to the front, the slice is a 2cm by 

3cm rectangle.  The area is 6 cm2 or 600 mm2, and thus would need 600 

xrays. 

2. The shape of one slice is a circle.  To find the area we first need the radius.  

Circumference is  so  cm.  The area is  or  or 29 

cm2 or 2900 mm2. We would need 2900 x-rays. 

3. Individual answers. 

4.  A0 = 200, half life is 110 minutes.  11 hours later is 11(60) = 660 minutes 

or 6 intervals of half lives later. 

A660/110 = A0(.5)660/110 or A6 = 200(.5)6 = 200(0156) = 3.12 counts after 11 

hours, negligible. 

 

 



34 
 

 
 

 
Section 5:  Final Assessment 

I. Possible projects:  The student should research the topic and write a 3-4 

page paper on the topic.  The paper should include an introduction and a 

conclusion, and contain a mathematical and technical discussion of the 

tomography discussed.  They may use some of the work they did in the 

first homework assignment as background.  Possible projects include: 

• Magnetic resonance imaging (MRI) 

• Functional MRI 

• Electrical impedance tomography 

• Atom probe tomography 

• Optical tomography 

• Ocean Acoustic tomography 

• Food safety tomography (provide more detail than is here.) 

• Concrete solidity tomography 

• Tomography and geology 

II. Exam 
1. Describe how the yarn activity relates to tomography. 

2. Give an example of tomography (excluding medical imaging). 

3. Use Beer’s law to calculate the attenuation coefficient, μ, in the diagram 

below. 

 

 

 
 

4. Given the 6 by 6 square below, use Beer’s law to solve for of μ1and μ2 . 
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5. Given the number board, find a corresponding checkerboard given that 

there are 5 checkers.   

 

5 2 2 3 3 

3 4 3 1 5 

3 4 4 2 4 

2 2 3 3 2 

3 4 5 3 7 

 

6. If a compartment is 1 mm2, how many compartments are there in a 3cm 

by 4cm rectangle? 

 

 

Solutions to Exam: 
1. Tomography is determining internal structure.  For the yarn activity, 

students are using a knitting needle to determine what kind of object 
is wrapped up in the yarn. 

2. Answers vary 
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3. 

Nout = Nine
−μd

7 = 20e−u(8)

7
20

= e−8u

ln(0.35) = −8u

u = ln(0.35)
−8

≈ .13

 

4. 60 = 100e−3μ1 −3μ2

56 = 100e−4μ1 −2μ2
→

− ln(.6) = 3μ1 + 3μ2

− ln(.56) = −4μ1 − 2μ
→

μ1 ≈ .12
μ2 ≈ .05

 

 

 

 
5.    

X     

    X 

 X    

     

  X  X 

 
6. The area of a 3cm by 4cm rectangle is 12 cm2, which is equal to 1200 

mm2. 
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Glossary 
 
CT (Computed Tomography or CT-scan): imaging technique that combines a 

series of X-ray views taken from many different angles to produce cross-

sectional images. 
MRI (Magnetic Resonance Imaging): medical imaging technique that uses a 

large magnet to visualize detailed internal structures. 
PET (Positron Emission Tomography or PET scan): imaging technique that 

helps visualize how the organs and tissues inside your body are functioning. 
Pixel: (PICture Element) single point in a graphic image. 
 
Tomography: imaging by sections or sectioning. 
 

References 
 

Adolphson, A.  The Mathematics of CT Scans.  Oklahoma State University 
Mathematics.  http://www.math.okstate.edu 

Brookhaven National Labs Press Release. New tool will allow integrated 
simultaneous study of behavior and brain function in animals. March 13, 
2011. 

Sharon Boston, “Maryland Researches Report Positive Results for CT Scans as 
Alternative to Autopysy”. University of Maryland Medical Center News. 
November 27, 2007. 

Budd, C.  and C. Mitchell.  Saving Lives, the mathematics of tomography.  
http://plus.maths.org/content/saving -lives-mathematics-tomography 

Capowiez, Y., A. Daniel. O. Pierret,  P. Monestiez, A. Kretzschmar. (1998). 3D 
skeleton reconstructions of natural earthworm burrow systems using CAT 
scan images of soil cores. Biology and Fertility of Soils, 27, 51–59. 

Castell-Perez, Elena and Rosana Moreira,  “Focus:  Produce Safety, An  
 Engineering Approach to Ensuring the Safety of Fresh and Fresh-cut 

Fruits and Vegetables.  Food Safety Magazine, FebruaryMarch 2011. 
Eisenberg, A. “A CT scan for hairline fractures (in industrial parts that is).  The 

New York Times, January 1, 2011. 
Duliu, O.G. (1999). Computer axial tomography in geosciences: An overview. 

Earth-Science Reviews, 48, 265–281. 
Handwerk, Brian (2005, March 8).  King Tut Not Murdered Violently, CT Scans 

Show National Geographic News, p. 2. Retrieved from  
http://news.nationalgeographic.com/news/2005/03/0308\_050308\_kingtutmurder
.html 

Kern, Lauren.  “Advances in Food Safety”.  Texas A&M Engineer Magazine. 
  http://www.engineeringmagazine.tamu.edu 
 

King, Michael R.; Cooper, Gregory M. (2006). Who Killed King Tut?: Using 



38 
 

 
 

Modern Forensics to Solve a 3300-Year-Old Mystery.  Paw Prints. 
Ocean Acoustics Lab:  Woods Hole Oceanographic Institution.  Retrieved  
 November 11 2008, from http://www.oal.whoi.edu/tomo2.html> 
Nondestructive Testing. Wikipedia.   

http://en.wikipedia.org/wiki/Nondestructive_testing 
PETNET Solutions. http://www.petscaninfo.com/zportal/portals/pat/petct_basics 
Romans, Lois (1995) Introduction to Computed Tomography.  Williams & Wilkins. 
The Death of King Tut: Was it Murder?  Retrieved November 11  2008, from 

http://www.unmuseum.org/tutmurder.htm.   
University of Maryland Medical Center.  Maryland Researchers report positive 

results for CT scans as alternative to autopsy.  2007. 
http://www.umm.edu/news/releases/virtual _autopsy.htm 

X-ray computed tomography.  Wikipedia.   
http://en.wikipedia.org/wiki/X-ray_computed_tomography 
 

CCICADA, Command Communications and Interoperability Center for Advanced 
Data Analysis led by Rutgers University, is a Department of Homeland Security 
(DHS) Center of Excellence. CCICADA is a nationwide collaboration that 
includes the Alcatel-Lucent Bell Labs, AT & T Labs- Research, Carnegie Mellon 
University, The City College of New York, Geosemble Technologies, Howard 
University, Morgan State University, Princeton University, Regal Decision 
Systems, Rensselaer Polytechnic Institute, Telcordia Technologies, Texas 
Southern University, Tuskegee University, University of Illinois at Urbana-
Champaign, University of Massachusetts-Lowell, University of Medicine and 
Dentistry of New Jersey (UMDNJ), and University of Southern California.  

Rutgers, the State University of New Jersey 
4th Floor, CoRE Bldg. 

96 Frelinghuysen Road 
Piscataway, NJ 08854-8018 

http://www.ccicada.org/ 
 



39 
 

 
 

Appendix 
 

Checkerboard 

 

     

     

     

     

     

 


